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CAC KHONG GIAN HAM

Gia st Q 1a mot mién bi chan trong R™ (n > 2) véi bien 14 S = 9. Hon
nita, gia thiét rang S\ {0} 1a tron vo han ngoai goc toa do va trong mot lan
can Uy clia goc toa do thi QN Uy trung véi nom K = {z : z/|z| € G}, 6 day G
13 mot mién trén mit cau don vi S*~! véi bién tron. Dat r = |z|. Véi a < b, ki
hieu Q% = QO x (a,b), S® = S x(a,b). Dic biet, ta ki hieu Q = QxR, ' = S xR,
Goo = G xR va Ky, = K x R. V6i mbi bo da chi s6 a = (aq,...,q,) € N,
dat o = a1 + -+ a, va DY =051 ...05".

V6i méi ham vecto u(z,t) = (ui(x,t),. us(x t)), ki hiéu
D*u = (D%uq, ..., D), |Do‘u|2 Z | D%uj;|?
N 8jU1 0ju5 a Uj 9
Vautj_(atj""’atj)’|utj| Z|8tﬂ|

Trong luan an nay, chung t6i thuong st dung cac khong gian ham sau:
C*(Q) - khong gian cAc ham kha vi lien tuc dén cap k trén .
C§°(£2) - khong gian cac ham kha vi vo han véi gia compact trong €.

Lo(€2) - khong gian cac ham binh phuong kha tich trén  théa man

ul| L, ) = (/|U(l‘)|2dft> < 400.
9

H*(Q) - khong gian cdc ham gi4 tri phitc do dugc trén  ¢6 dao ham suy rong

dén cap k thoa man
1
||U||Hk(Q) = ( /|Dau| dx) < 4o00.
la|=0 @

HF*=1/2(8) - khong gian vét clia cac ham trong khong gian H*(Q) trén S véi



chuan
||U||Hk—1/2(5) = inf{[lw|gr@) : w € H’“(ﬂ), w|s = u}.

H®(Qb) - khong gian cac ham vects u : Q2 — C® ¢6 dao ham suy rong dén

cap k theo bién z va dén cap [ theo bién ¢ théa man

|l e oy = (/ Z ]Do‘u|2+2|utg dxdt) < +o0.

(913 la|=0
HF!(—~,Q%) - khong gian Sobolev c6 trong gom cac ham vecto u xac dinh
tren Q% va c6 dao ham dén cap k theo bién z v& dén cap [ theo bién ¢ thoa
man

3
||U||Hk»l(—7,Qg) = </ Z \DO‘u|2 + Z [ugs | 27tda:dt) < +o00.

Qb || =0

Dic biét, ta dat La(—v,Q0) = H%0(—v,Q%).

};k’l (—v, Q%) - bao dong trong H*!(—v, Q%) ciia cAc ham kha vi vo han triét
tieu xung quanh S2.

H é(K ) - khong gian Sobolev c6 trong gom cédc ham u(x) c6 cac dao ham suy

rong dén cap [ théa man

lull s, 1) = (/ Z P20+ el =D | Dy dw) < oo

|e|=0

ng’l(—fy, Q%) - khong gian Sobolev c6 trong gdm céc ham u(z,t) c6 cac dao
ham suy rong D%u, us, || <k, 1 < j <[ théa man

k

l 3
lull gty ) = (/( > T2(5+|O‘|_l)|D°‘u|2+z|utj|2)e_27tdxdt) < 400.

Qb |Oé|:0 j:1

Hé(—fy, Q) - khong gian cac ham u(z,t) c¢6 cic dao ham suy rong D%uy;,
la] <1,1<j <1, théa man

||U/HH,(Z3(_’Y7Q) — (/ Z T2(IB+|OL|+J l)’DOé | 2’Ytdxdt) < 4o00.

|| +5=0

=



L*>°(0, 00; L2(2)) - khong gian cac ham u : (0,00) — Lo (€2) théa mén

|ulloo = ess sup |[u(t)[|L, (@) < +00.

0<t<oo

H"(—v,R; X) - khong gian cac ham f : R — X kha vi dén cap h théa méan

5 }
SN e (= rx) = (Z/Hftjﬂ?xe_z”tdt) < 4o0.
j:OR
Dac biét, ki hiéu

Vir(=7 Koo) =H* (=7, R; Hy(K)),

CF(—v,Goo) =H* (=7, R; C®(G)).



LICH SU VAN DPE VA Li DO CHON DE TAI

Cac bai toan (gia tri) bien déi v6i mot phuong trinh hay mot hé phuong
trinh dao ham riéng thuong c6 nguon goc tit cac nganh khoa hoc tir nhién va
ki thuat, dic biét 14 cAc mo hinh gidi tich ctia nhiéu hién tugng vat li. Béi tinh
thye tién d6, khi nghién ctu cac bai toan bién, mot cidch ty nhién ngudi ta
quan tam dén sy ton tai duy nhat nghiém va cdc mo hinh gidi s6 clia ching.
Cac bai toan bién ban dau trong mién tron va khong tron da dugc nghién citu
trong rat nhiéu cac cong trinh. Khi d6, diéu kién ban dau thuong déng vai tro
then chét trong sir ton tai duy nhat nghiém. Tuy nhién, c6 nhiéu tinh huéng
trong thuc té dan dén viéc nghién citu bai toan bién khong c6 diéu kién ban
dau, vi du khi ta mo ta cac qua trinh khong dimg trong tu nhién, chang han
khi dit kien ban dau & xa dén miic né khong tac dong dén thoi diém hien tai,
va do do6 ta c6 thé coi thoi diem ban dau la t = —oo. Bai toan bién khong cé
diéu kien ban dau dudc nghién cttu kha sém va thu hut duge sy quan tam cia
mot s6 luong nhat dinh cac nha toan hoc. Sau day, ching t6i sé gii thieu mot
cach tém tit lich sit van dé va mot s6 phuong phap st dung dé giai bai toan
bién khong c6 diéu kién ban dau (xem thém trong [13]).

Nguoi dau tién nghién ctu bai toan dang nay la nha toan hoc ndi tiéng
ngudi Nga N. A. Tikhonov. Nam 1935, trong cong trinh [60], tdc gid da xét

phuong trinh truyén nhiét véi dieu kién bién Dirichlet nhu sau

ug(z,t) — Au(z,t) = f(x,t), (x,t) € QA xS,
u(z,t) = h(z,t), (z,t) € 002 x S,



trong d6 Q 1a mot mién trong R™ vé6i bién tron tiung khuc 992, S = (—o0, 0]
hoac S = R, va f, h 1& cdc ham cho trude. Ta thay rang, néu f =0, h =0 va
Q = (0,7) hoac Q = (0, +00) thi cac ham

uc(z,t) = Ce tsinz, (x,t) € QA xS,

C € R 1a hing sb tiy ¥, déu 1a nghiém c6 dién ciia bai toan trén. Do dé dé
dam bao dugdc tinh duy nhat nghiém, ta can doi héi théem mot sé diéu kien
ctia nghiém. Trong cong trinh [60], Tikhonov st dung biéu dién tich phan ctia
nghiém ciia bai todn bién ban dau thit nhat thong qua ham Green tuong tng
va chi ra ring can bo sung diéu kién nghiém bi chin dé ddm bao tinh duy nhat
nghiém ctia bai toan. Tuong tu nhu vay, nghiem (duy nhat) bi chin cta bai
toan bién Dirichlet khong c6 diéu kién ban dau dbi v6i phuong trinh truyén

nhiét & tren, v6i f = 0, théa man biéu dién

LL’Q

1 / x —
u(x,t) = Qﬁ_/ 1) exp{4(t — 7_)}h(T)dT, (z,t) € ]0,400) X S,

v6i gid thiét rang ham h 14 lien tuc va bi chin trén S. Tikhonov dat tén bai toan
nay 1a bai todn Fourier hay bai todn khong cé diéu kién ban dau cho phuong
trinh truyén nhiét. Sau nay, ¥ tudng ctia A. N. Tikhonov dugc sit dung trong
cac cong trinh [4], [32], [33] dé gidi bai toan khong c6 diéu kien ban dau cho
hé parabolic tong quat véi cac didu kién bién khéc véi diéu kien bien Dirichlet.
Coéng thitc biéu dién tich phan clia nghiém ciia cdc bai toan nay va cic dinh
li ton tai duy nhat nghiém dudc chiing minh trong cac khong gian Holder dia
phuong, & d6 nghiém bi chan va khong tang.

C6 mot cach tiép can khac dé giai bai toan khong c6 diéu kien ban dau cho
mot vai phuong trinh tién héa. Dé don gidn, ta xét phuong trinh truyén nhiet
khi S = (—00,0]. Khi d6, st dung nguyén i cyc tri, ta c6 thé chitng minh tinh
duy nhat nghiém ciia bai toan vé6i diéu kien 14 nghiém w(z, t) bi chin déu trén

Q) x S va hoi tu déu t6i 0 tren Q khi ¢t — —oo. Con syt ton tai nghiem duge
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chitng minh bang cach xay dyng day nghiém xap xi clia bai toan c6 diéu kién
ban dau tuong tng. Cai tién phuong phap nay c6 thé st dung dé giai quyét
mot s6 bai toan khong c6 diéu kién ban dau cho mot s6 16p phuong trinh tién
héa, cu thé 1a cho phuong trinh tya tuyén tinh va phuong trinh c6 tré [10],
[11], [59]. Trong trudng hop nay, cé thé doi héi thém mot s6 dicu kién vé dang
diéu tiém can nghiém khi ¢ — oo va tinh bi chan ctia nghiém.

Khi xét nghiém suy rong ciia bai toan khong c6 gia tri ban dau, nguoi ta
c6 nhitng cach tiép can khac nhau, phu thuoc vao viéc mién € 1a bi chin hay
khong bi chan. Trong truong hop mién € bi chin, ta thuong can dat them cac
diéu kien dé chic chan su ton tai duy nhat nghiem suy rong. Chang han, khi
xét bai toan bién Dirichlet khong c6 diéu kien ban dau déi v6i phuong trinh

truyen nhiét, dé ddm bao su duy nhat nghiém thi ta can dat them diéu kien
e u(t, z)| — 0 khi t — —oo;
va dé dam bao su ton tai nghiém thi ta can them diéu kien

/ &2 | I3, 1 iyt < 0,
S

trong d6 w > —A; va A\ 1a gia tri rieng dau tién cla toan ti —A vdéi dieu
kién bieén Dirichlet. Ngoai ra, cac két qua cho cac 16p phuong trinh khac trong
truong hgp mién Q bi chiin ¢6 thé tim thay trong cac tai lieu [5], [7], [9], [12],
[14], [15], [17], [18], [42], [46], [54], [56].

Khi xét bai toan trong truong hop mién khong bi chin, két qua vé bai toan
bien khong c6 diéu kien ban dau cho mot s6 16p phuong trinh tién héa c6 theé
xem trong cic tai lieu, chang han [45]. Ngoai ra, cic bai toan khong co dicu
kién ban dau cho cac phuong trinh tién hoéa lien quan dén dao ham cap hai
theo bién thdi gian, hé Sobolev-Hal’pern tuyén tinh, cic phuong trinh kiéu
hyperbolic duge nghién cttu trong [21], [35], [36], [43], [44], [47], [52], [58], [61],
62].
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Tém lai, ching ta c6 thé thay, c6 rat nhiéu cong trinh nghién ctu vé bai
toan khong c6 dieu kien ban dau. Cac két qua dat duge chi yéu xoay quanh
sy ton tai duy nhat nghiém va mién chita bién khong gian 2, dut bi chin hay
khong bi chan, déu 1a mién véi bién tron ting khic. Nhu vay, bén canh nhitng
két qua da dat dugce khi nghién cttu bai toan khong cé diéu kién ban dau, van
con rat nhiéu van dé mé, trong dé cic van dé md ching t6i quan tam doé la:

e Céc tinh chat khac clia nghiem suy rong, chdng han tinh tron theo céc
bién ctia nghiém bai toan khong c6 diéu kién ban dau.

e Bai toan khong c6 diéu kién ban dau cho cac 16p phuong trinh tién hoéa
khac.

e Xét bai todn khi mién Q chita cac diém ki di.

Trén thuc té, rat nhiéu cac bai toan tng dung quan trong duge dua ve
viéc nghién citu cac bai toan bién déi v6i phuong trinh, hé phuong trinh dao
ham riéng trong mién c6 bién khong tron. Bai toan bién elliptic tong quat
trong cac mién chita hitu han cac diém géc hay diém nén da duge nghién citu
mot cach tuong doéi day du trong cac cong trinh ctia V. A. Kondratiev, O. A.
Oleinik ([37], [38]); V. A. Kozlov, V. G. Maz’ya, J. Rossmann ([39], [40], [51])
va cac tac gid khac. Trong cac cong trinh do, cac tiac gid da nhan dugc két
qua vé su ton tai va duy nhat nghiém, tinh tron ctia nghiém va biéu dién tiem
can nghiém trong lan can ciia cac diém ki di ctia bién. Bén canh do6, bai toan
bién dbi v6i cac phuong trinh, hé phuong trinh khong ditng trong mién véi
bién khong tron ciing nhan dudc sy quan tam ctia nhiéu nha toan hoc, nhu G.
Eskin ([19]), A. Yu. Kokotov va B. A. Plamenevskii ([41]),...

Trong cac hé khong diung, hé phuong trinh Schrodinger cé vai tro quan
trong nhat dinh vi c6 nhitng ting dung thyc tién trong co hoc lugng tit (xem
[1], [16]). Cac bai toan bién d6i véi hé phuong trinh loai nay duge dua ra va
phan tich dau tién béi J. L. Lions va E. Magenes ([49], [50]). Trong cac cong

trinh ctia minh, cic tac gid da nghién citu cac bai toan bién doéi véi phuong
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trinh Schrodinger ma cac hé s6 ctia n6 doc 1ap véi bién thoi gian va nhan dugc
két qua trong hinh tru hitu han Q x [0,7], T < +oo. Nam 1998, N. M. Hung
da phat trién bai toan nay cho hé phuong trinh véi hé s6 phu thuoc thdi gian.
Bing cach st dung phuong phap cat thiét dién, chuyén bai toan dang xét vé
bai toan elliptic phu thudc tham s6 trong mién chita diém nén, tac gia ciing
nhan dudgc cac két qua tuong ng trong tru hitu han. Bai toan bién ban dau
thit nhat cho hé phuong trinh loai nay trong tru vo han Q = Q x [0, 00) dugc
N. M. Hung va C. T. Anh nghién citu trong cac cong trinh [23], [24], [25], [26].
Béng phuong phap xap xi Galerkin, cac tac gid da dat dugc két qua ve sy ton
tai duy nhat nghiém suy rong va tinh tron ctia nghiém theo bién thoi gian. Két
qua vé tinh tron theo bién khong gian va bicu dién tiém can nghiém cé the dat
dugc bang phuong phéap cat thiét dien da néu & trén. Trong cong thic bicu
dién tiém can nghiém, véi mot s6 gia thiét vé sy phan bd cac gia tri riéng clia
bai toan pho tuong ng, nghiém suy rong sé dugc phan tich thanh tong hai
phan chinh trong mot lan can di nhoé ctia diém nén. Phan tha nhat dic trung
cho tinh ki di ctia bai todn, con phan thi hai c¢6 tinh tron theo bién khong
gian theo tinh tron ctia vé phai. Tiép theo d6, cac tac gia N. M. Hung va N.
T. K. Son da nghién citu bai toan bién ban dau thi hai ddi v6i hé Schrodinger
trong mién c6 diém nén. Trong céc cong trinh [29], [30], [31], cac tac gia cling
nhan dugc cac két qud tuong tu nhu khi xét bai toan bién ban dau thit nhat.

Trong luan an nay, ching to6i nghién citu bai toan bién thi nhat khong
c6 gia tri ban dau cho hé phuong trinh Schrodinger trong mién c6 diém non.
Khong chi xay dung khong gian nghiém phit hop dé dam bao sy ton tai duy
nhat nghiém, ching t6i con thiét 1ap cac két qua veé tinh chinh quy ciia nghiém
va xay dung cong thiic biéu dién tiém can clia nghiém trong lan can ciia diém
ki di. Chu ¥ rang, néu mién day chita hitu han diém noén thi bang cach s dung
phan hoach don vi, ching t6i c6 thé chuyén vé xét bai toan trong trusng hop

day chita mot diém nén. Vi vay, trong cd luan an nay, khong méat tinh tong
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quat, chung t6i chi nghién citu bai toan khi day ctia hinh tru dang xét chi chita

mot diém nén tring véi goc toa do.
MUC DbicH, POI TUONG VA PHAM VI NGHIEN CUU

e Muc dich luan a4n: G6p phan hoan thién viéc nghién cttu tinh gidi dugc
duy nhéat, tinh tron ctia nghiém ciing nhu dang diéu tiém can nghiém trong
lan can diém noén ctia bai toan khong c6 diéu kién ban dau trong mién c6 chia
didm ki di.

e Déi tugng nghién citu: Bai toan bién thi nhat khong c6 diéu kién ban
dau doi v6i he phuong trinh Schrédinger trong mién chita diém noén.

e Pham vi nghién ctu:

— Noi dung 1: Sy ton tai duy nhat nghiém ctia bai toan.

— N6i dung 2: Tinh tron cia nghiém ctia bai toan.

— N6i dung 3: Biéu dién tiéem can nghiém trong lan can ctia diém nén.
PHUONG PHAP NGHIEN CUU

e Dé nghién cttu sy ton tai nghiém ctia bai toan khong cé diéu kién ban
dau, ching toi xay dung day nghiém xap xi clia bai todn c6 diéu kieén
ban dau t = h tuong tng va chuyén qua giéi han khi thoi diém ban dau

dan t6i —oc.

e Dé nghién citu sy ton tai nghiém ctia bai toan c6 diéu kién ban dau,

chting t6i stt dung phuong phap xap xi Galerkin.

e Dé chiing minh su duy nhat nghiém ciia bai toan khong cé diéu kién ban
dau, phuong phap dugc ching toi lya chon 14 phuong phap chon ham
thit ctia Ladyzenskaya. Mic du khong c6 dieu kién ban dau nhung ching
toi van dat dude két qua veé sy duy nhat nghiém do ching toi da s dung
mot bo dé tuong tuw nhuw Bé dé Gronwall trong khoang vo han va dat

thém mot s6 gid thiét phut hop vé vé phai va cic hé s6 clia toan tit L.
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e Dé chitng minh tinh tron ctia nghiém, ching toi nghién ctu tinh tron ciia
cac bai toan c6 diéu kién ban dau tuong ting, sau d6 bang cach tién qua
gi6i han khi cho thsi diém ban dau tién t6i —oo, ta dugc tinh tron cia

nghiém ctia bai toan khong c6 diéu kién ban dau.

e Dé thu dudc biéu dién tiem can nghiém trong lan can ctia diém non,
chiing toi stt dung phuong phap cit thiét dien, chuyén bai toan khong
ditng vé bai toan elliptic chita tham sbé trong mién cé diém nén va sit

dung cac két qua vé bai toan elliptic.
CAU TRUC VA CAC KET QUA CUA LUAN AN

Luan an, ngoai phan Loi cam doan, Loi cdm on, Cac khong gian ham, M4
dau, Két luan, Kién nghi mot s6 huéng nghién cttu tiép theo, Danh muc cac
cong trinh va Tai lieu tham khdo, gom 3 chuong:

e Chuong 1: Tinh giai dugc duy nhat ctia bai toan.

e Chuong 2: Tinh tron ctia nghiém.

e Chuong 3: Biéu dién tiém can nghiém trong lan can ctia diém nén.

Cac két qua ctia luan an 14 méi, c6 ¥ nghia khoa hoc, gép phan hoan thién
li thuyét bai toan bién khong c6 diéu kién ban dau va bai toan bién khong
dimg trong mién khong tron. Noi dung chinh cta luan an da dudc cong bod
trong 03 bai bao khoa hoc trén cac tap chi quoc té trong danh muc ISI va
dugce liet ké d muc Danh muc céng trinh va duge bao céo tai:

e Hoi nghi khoa hoc khoa Toan - Tin, Truosng Dai hoc Su pham Ha Noi
cac nam 2013, 2016.

e Hoi nghi khoa hoc khoa Cong nghé thong tin, Hoc vién Quan 1i Gido duc,
2013.

e Seminar ciia Bo moén Giai tich, khoa Toan - Tin, Truong Dai hoc Su

pham Ha Noi.



Chuong 1

TINH GIAI DUQGC DUY NHAT CUA BAI TOAN

Muc dich cta chuong nay la gidi thiéu bai toan va nghién citu tinh gidi duge
duy nhat ciia bai toan. Tinh duy nhat nghiém dudc chiing minh bang phuong
phap chon ham thit clia Ladyzenskaya, con sit ton tai nghiem duge ching minh
bang cach xap xi nghiem bdéi mot day cidc nghiém clia bai toan c6 dieu kien
ban dau tuong tng. Mac du da cé cac két qua nghién ctu vé sy ton tai duy
nhat nghiém ciia bai toan bién ban dau doi v6i hé phuong trinh Schrodinger
nhung & day ching t6i khong 4p dung tric tiép duge cac két qud d6 ma phai
xay dung lai cac udc lugng tien nghiem dé c6 thé tién qua gisi han diy nghiem
xap xi. Két qua chinh ctia chuong nay 1a Dinh 1i 1.3. Cac két qua clia chuong
nay khong chi ding khi mién déy  chita diém nén ma con ding cho mién tity
¥. Noi dung chinh ctia chuong nay dudgc viét dya trén phan dau cic bai bao s6

1, 2 trong danh muc cong trinh ctia tac gia.
1.1. Phéat biéu bai toan
1.1.1. Dat bai toan

Xét toan ti vi phan cap 2m sau day

m

L(z,t,D)= Y (~=1)PID?(apy(z,t)D7),

Ipl;|q|=0
trong d6 a,, 1& cac ma tran ¢d s x s véi cac phan tit 1a cac ham do duge, bi
= 2 Y 2 ~ _ * Zy2 _ _ 2 * N
chan trong @ va théa méan a,, = a;, v6i |p| = |q| = m (trong d6 a;, 14 ma

tran lien hgp phitc chuyén vi clia ma tran a,,). Hon nita, gid st ton tai hing
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s6 duong ag sao cho v6i moi £ € R™\ {0}, n € C*\ {0} va (x,t) € Q, ta o6

" apg(a, EPETT > aolé*™ [n?,

lp|=lal=m
trong do &P =&t .. gk, g1 =€ g,
Gia st
m
B(t,u,v) = Z apgDPuDivdz, t € R,
Ipl,lq]=0 g

la dang song tuyén tinh tuong tng v6i toan tit vi phan L(z,t, D). Khi do, ta

¢6 bo dé sau (xem trong [20]).

Bo dé 1.1. Ton tai hdng s6 duong iy va hang sé khong am Mg sao cho

(~1)™ Bt u,u) = Follul, )]y — Mollul, )1 -

(¢] (¢]
vdi moi u(-,t) EH™ (Q) va t € R hau khap noi, trong dé6 H™ () la bao déng
cua khong gian cic ham kha vi vo han vdi gid compact trong ) trong khong

gian H™(Q).

Do do6, bang cach thay toan tit L bdi todn tit L + (—1)" Aol néu can thiét,

ta gia st trong ca luan an nay rang

B(t,u,u) > piollu(-, )3 0. (1.1)

voi moi u(-,t) eH™ (Q) va t € R hau khap nai.

Xét bai toan sau trong hinh tru @)

(=)™ YL(x,t,D)u — u; = f(x,t) trong Q, (1.2)
o7 :
a—,;“:o’ i=0,....m—1, (1.3)

trong d6 v la phap vectd ngoai don vi v6i méat xung quanh T,

Dinh nghia 1.1. Gid st f € La(—v,Q), ham vecto u e H™? (—v,Q) dugc

goi 14 mot nghiem suy rong ctia bai toan (1.2)-(1.3) néu v6i moi T > 0, dang
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thitc tich phan

T
(—1)m_1i/B(t,u,n)dt+ / unpdxdt = / frdxdt, (1.4)
o0 or QT

ding v6i moi ham thit n e H™! (v,Q), n(z,t) =0 khit > T.

Nhan xét 1.1.2. Trong dinh nghia nghiém suy rong, mac du khong gian
ham thi va khong gian nghiém khong chita nhau nhung do khong gian céc
ham kha vi vo han gid compact C§°(Q) trut mat trong cé hai khong gian néi

trén nén khi nghiém suy rong da t6t thi né van quay trd lai 1 nghiém co dién.
1.1.2. Mot sb bo dé quan trong

Trong muc nay, ching t6i gidi thieu hai bo dé quan trong, duge st dung trong
viéc chiing minh sy duy nhat nghiém va trong viéc xay dyng cic lugng tién

nghiém.

Bo6 dé 1.2. (Bat ding thiic Gronwall) Gid st A(t) 1o mot ham thuc lien tuc
va w(t) la mot ham lién tuc khong am trén doan trén doan |a,b]. Néu ham y(t)
lién tuc théa man diéu kién

t

y(t) < A(t) + / u(s)y(s)ds, (1.5)

a

voi mot a <t < b, thi trén doan do ta co

y(t) < A(t) + /t A(s)pu(s) exp ( j Mmm) ds. (1.6)

Néi rieng, néu \(t) = C la hang so6 thi

<o o) 0
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¢
Chitng minh. Dat z(t) = [ p(s)y(s)ds thi khi d6 z kha vi va do (1.5) ta ¢

a

2(t) = p(t)2(t) < A(B)u(t).

t
Dat w(t) = z(t) exp (— f,u(s)ds) thi bat dang thic cudi ciing tuong duong
VOl

w(t) < A(t)p(t) exp <—/tu(8)d8)-

a
Do w(a) = 0, lay tich phan hai vé tit a dén ¢, ta dugc

S

w(t) < /tA(S)u(S) exp <—/u(f)d7)d8,

Qa

hay tuong duong

t t

0 < [ Mohuls) e ( / u(T)dT) ds,

a S

do dinh nghia ctia w(t). Do y(t) < A(t) + 2(¢) nén bo dé dudc chiing minh. [

Do trong luan an ching toi xét bai toan khong c6 diéu kién ban dau nén
dé ching minh tinh duy nhat nghiém thi ching toi can dén két qua tuong tu
nhu b6 dé Gronwall trong mién vo han. Vi vay, ching toi phat biéu va ching

minh bo dé sau.

Bo6 dé 1.3. Gid st u(t) la ham so xzdc dinh, lién tuc, khong am va y(t) la ham

0 0
lien tuc trén doan (—o0,0] sao cho cdc tich phan [ wp(t)y(t)dt; [ p(t)dt;
. —o0 —00
[ y(t)dt hoi tu va

t

y(t) < C+ / y(s)u(s)ds, YVt <0, (1.8)
thi .
y(t) < Cexp (/ ,u(s)ds), vt <0. (1.9)

— o0
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Ching minh. Dat z(t) = C + f y(s)u(s)ds thi do tich phan f wu(t)y(t)dt

hoi tu va do (1.8) ta co

0 ¢
) d
240 = 5 ([ mmr+ [ n(s)(s)ds) = n(oyw(t) < =nce).
—00 0
Khi do, tiép tuc dat w(t) = z(t) exp ( f (s ) thi ta dugc

Do d6 w(t) < lim w(T).

T——o0

Mat khac, lim z(T) = C + oim f p()y(t)dt = C va tit gid thiét ta

T——o0

c6 lim f p(s)ds =0nén lim w(7T) = C. Tic la ta c6

T——o0 T——o0

t

2(t) exp (— / ,u(s)ds) < lim w(T)=C.

T——o0
—o0

Két hop véi (1.8) ta duge

t

o) < =0 < Coxp [ utsias).

— 00

B& dé dugc chiing minh. O
1.2. Su ton tai duy nhat nghiém cta bai toan c6 dieu kién ban dau

Trudce tién, v6i moi h € R, trong hinh tru 27° ta nghién ctu bai toan sau

(=)™ YiL(z,t,D)v — vy = f(x,t) trong Q5°, (1.10)
Vleen=0, z € Q, (1.11)
v _

o lse=0, §=0.m—1, (1.12)

trong d6 v la phap vectd ngoai don vi véi mat xung quanh Sp°.
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Dinh nghia 1.2. Mot ham vecto v € H™0 (—v, Q%) duge goi 1a mot nghiem

suy rong cia bai toan (1.10)-(1.12) néu véi moi T > h ta c6

T
(—1)m_1i/B(t,v,77)dt+/vmdxdt: /fﬁdxdt (1.13)
h

3 Q,

ding v6i moi ham thit n e ™! (v, Q5°), n(z,t) = 0 v6i moi ¢ > T.

Dinh i sau trinh bay vé tinh giai duge duy nhat ctia bai toan (1.10)-(1.12).

Dinh If 1.1. Gid sit

ot
i) fi, € La(=7, ).

, da o
i) sup{| pq!:(a:,t)EQh,O§|p],|q]§m}:ﬂ<oo

m*u

CRL m* la s6 cac by da chi s6 c¢6 cap khong vugt
Ho

Khi do vdi moi v > g =

qud m, ton tai duy nhat nghiem suy rong v €EH™? (—v,Q%) cia bai todn

(1.10)-(1.12) va nghiém doé théa man wdc luong tien nghiém sau:
012y < C |12y + Il |, (114)
¢ dé C la hdang s6 duong khong phu thudc vao h,v va f.

Chitng minh. Su duy nhat nghiém. Gia st vi(z,t) va va(x,t) 13 hai nghiem
suy rong cta bai toan (1.10)-(1.12), dat v(z,t) = vi(z,t) — va(z,t). V6i moi
T>0,b<T,dat

t
[v(x,7)dr, —co <t <
n(z,t) = b

=)

 b<t<T.
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Khi d6 n(z,T) =0, n eH™ (v, QF) va n,(x,t) = v(x,t), h <t <b. Tt dinh

~ ? s~ ~ Z
nghia clia nghiém suy rong, ta co

(—1)™ Z aqupnthnd:Bdt—l—i/|77t|2d:1:dt:0. (1.15)

pl;|q|=0,
|||‘ QZ Q?L

Cong vé vdi vé ctia dang thidc (1.15) véi lien hgp phiic ctia n6 ta dudc

n d(DrnDin)
(—1) Z aqudxdt = 0.
Ipllal=0gp

Stt dung phuong phap tich phan ting phan theo t, ta c6

B(h,n,n) = — Z %Danqndxdt.

pl,lq|=0
[Pl lal=0¢

Stt dung gia thiét ctia Dinh 1f 1.1 va bat dang thiic Cauchy, ta suy ra

[17C, I)[3pm () < C||f'7||§{m70(gg)‘ (1.16)

Néu ta ki hiéu
h

wy(z,t) = /DpU(.’L‘,T)dT, h <t<b,
t
thi
t
DPn(x,t) = /Dpv(x,T)dT = wp(x,b) —wp(z,1).
b

Thay vao (1.16), ta c6

> /|wp(a:,b)|2d:1; <20 ) /|wp(x,t)|2da:dt—|—20 > /|wp(a:,t)|2dac.

Ip|=0 0 IPI=0gp Ip|=0 ¢

Khi ta dat
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thi
b
(1-2Ch)J(b) < C / J(t)dt.
h

Vi vay
b

J(b) < 2C / J(t)dt, Vb € (h
h

-
740 )
trong d6 hing s6 duong C chi phu thudc vao p va pg. St dung bat ding thiic

Gronwall, ta co:

1
J(t)=0 trén (h, —|.
1)=0 ten (h )
Do d6 v; = ve v6i hau khép t € (h, %] Lap luan tuong tu, ta c6 thé suy ra

rang sau mot s6 httu han bude thi vy = vy v6i hau khap t € (h,T).

Su ton tai nghiém. Sy ton tai nghiém dugce chitng minh bang phuong phap

xap xi Galerkin. Gia st {¢g}32; 1a mot co sé truc giao ctia H™ () va truc

chuan trong Ls(2). V6i méi N € N, xét ham vV (z,t) = % CN(t)pr(x), véi
k=1

{ON(t)}N_, 1a nghiém ctia hé phuong trinh vi phan sau

(—1)m_liB(t,vN,<pk)—/vivwdx:/f@dx, (1.17)
Q Q

CN((h)=0,k=1,...,N.

) d . )
Nhan hai vé ctia phuong trinh (1.17) v6i —C} (t) va 1ay tong theo k tit 1 dén

dt
N, ta co
(=™ Z /aququDpv,dea:—i/vivﬁdx :i/fﬁd:c.
Ipl,1q1=0 & O a

Cong phuong trinh trén véi lien hop phiic clia né, sau doé 1ay tich phan theo ¢
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tit h t6i T va tich phan ting phan ta dugc

(=™ Z apq(xaT)DqUN(x,T)Dva(x,T)d:z;
Ipl,la|=0 ¢

= (=™ %D%vawxdt
Ipllal=0gT

— 2Im( /f x, T)oN (x, Tda:—/ftdea:dt) (1.18)

QT

Stt dung (1.1) v& bat diang thitc Cauchy, tir (1.18) ta c6
N 2 M+ € N 2
o™ G T Em ) € ———— [ 07 ¢ Ol zm o dt
Mo — € J

T
1
+m(\!f(.,T)||2L2(Q)+h/Hft(.,t)“%m)dt)_ (1.19)

m*u+ € .
fio — €

Stt dung bat ding thic Gronwall, dat 2a = u (1.19) ta suy ra

T
oY D) ey < 20 / 22T (|| £ DI, / 112 )12, )
h

1
+m(ﬂf(-,T)IIQLQ(Q)+h/||ft(-,t)||§2(mdt). (1.20)

Nhan hai vé ctia phuong trinh nay véi e =277 16i 1ay tich phan theo bién T tit
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h dén oo, ta dugc

oo

N 2m o < —/ —2~T T 2 dT
o™ (|5 0(—y,Q2°) = (110 — €) / € 1f (s )||L2(Q)
0o T
1 —2 T/ 2
+— [ e ot dtdT
—/ 15Ol
h h
0o T
+20 [ [ @TO (1)} g dtar
h h
0o T t
w20 [ [T [17 (02, qydsitar. (1.21)
h h h

Ki hiéu cac s6 hang thi nhat, thit hai, thit ba va thit tu trong vé phai cia
(1.21) 1an lugt 1a I, 11, III, TV. Ta sé danh gia cic s6 hang nay.

Dau tién, ta c6

1 2
I= m”ﬂhz(ﬂ,ﬂ;ﬁ)a
va
17 i 1
II=——- SO|I13 2T dt = ———— 2 o0
s [5G0l [ orr s L RS
h t
* *
Vi inf mipte e _ 270, V61 moi v > 7o, nén ta cé thé chon € > 0
0<e<po po —€ Ho
mip+ e £ . vzl
sao cho 2ae = ——— < 27. Tiéep theo, s0 hang thit ba c6 thé danh gia nhu
Mo — €
sau
—2«a a— o
11 =20 [ @ [ 0TI = 2l o
h t

Cudi ciing, s6 hang thit tu c6 thé danh gia 13

oo

o0 oo
—2« a— -
1V =20 [ 16l [ e [ o aTaas = Sl
h s

t
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Do d6 tir (1.21) ta c6
||UN||§1my0(—y,Q;o) <C ||f||2L2(—7,Q;o) + ||ft||%2(—7,g;;o) ; (1.22)

trong d6 hing s6 C' khong phu thuoc vao h, N.

Tt bat dang thiic nay, bang cach trich ra day con hai tu yéu, ta suy ra day
{vN}2°_, chita mot day con hoi tu yéu t6i v Eh;m’o (=7, Q7°) 1a nghiem suy
rong ctua bai todn (1.10)-(1.12). Hon nita, tit (1.22) ta suy ra danh gia (1.14)

dugc ching minh. O

Nhan xét 1.2.3. Khac v6i cac két qua da c6 vé sy ton tai nghiem cla
bai toan bién ban dau déi v6i heé phuong trinh Schrodinger hay hé phuong
trinh parabolic, hyperbolic (chang han trong [3], [5], [6],...), trong dinh 1f nay,
chiing t6i can thu dugce hing s6 C trong udc lugng (1.14) khong phu thuoe vao
thoi diém ban dau h dé c6 thé tién qua gi6i han, chi ra day {u"} hoi tu téi
ham u 14 nghiém ctia bai toan (1.2)-(1.3). Do d6 chiing tbi khong thé sit dung
cac két qua da c6 truée day doi véi bai toan bién ban dau cho hé phuong trinh
Schrédinger trong mién cé diém nén ma phai dat dieu kien phit hop cho ngoai
lyc f va khac phuc khé khan trén bang cach danh gia chit hon. Luge do nay
ciing c6 thé st dung dé nghién cttu sy ton tai nghiém cho bai toan bién khong
c6 dieu kien ban dau déi v6i hé parabolic, hé hyperbolic trong mién c6 diem

ki di.

1.3. Su ton tai duy nhat nghiém cta bai toan khéong cé diéu kién ban dau
1.3.1. Tinh duy nhat nghiém

Dinh li 1.2. Gia su

, da o
. sup{|a—f (o) € 9, 0 < Ipl, gl Sm} — 4 < co;

0
i) |%| = o(e®) khi t — —oo vdi moi |p|,|q| < m.
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Khi dé bai toan (1.2)-(1.3) c¢6 khong qud mot nghiém suy rong véi v > 0 bat
k.

Chitng minh. Gia st ui(z,t) va us(z,t) la hai nghiém suy rong ctia bai toan

(1.2)-(1.3), ki hieu u(z,t) = ui(x,t) — ua(z,t). V6imoi T' >0, b < T, dat

t

Ju(z, 7)dr, —o00 <t <b,
n(z,t) =q°

0, b<t<T,

thi n(z,T) = 0 va ni(x,t) = u(z,t), —oo <t < b. Hon nita ta co

T T
|DPy(z,t)|* < /6_27t|Dpu(:L’,t)|2dt/e27tdt

— 00 — o0

T
SC/e_2A/t\Dpu(a:,t)]2dt.

— 00

Do do

T
/627t|Dp77($7t)|2dedt§C / 62%/6_2W|Dpu(ac,7')|2d7'd:pdt
or —00

QT

< / e 2 DPu(z, t)|*dadt.

Hon ntta, do n:(x,t) = u(x,t) nén

/ e*7 | DPy(x,t)|*dxdt < C / e 2 DPu(x, t)|*dadt.

or oT

Vivay n eH™?! (7,07 ).

T dinh nghia ctia nghiém suy rong, ta co6

(=)™ Z / apg DP 1 DIndadt + i / n;|*dxdt = 0. (1.23)

|p|a|Q|:OQb Qb
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Cong vé véi vé ctia dang thiic (1.23) véi lien hgp phiic ctia no ta dudc

S d(DPnDan)

p:]al=0¢»

Diéu nay dan téi

n 8apq -
— — DPnDindxdt
> / ot DPnDindz

Ipl;1a|=0¢p

= lim Z //apq(x,T)Dpn(x,T)an(:L',T)dxdT. (1.24)

T——00
Ipl,lg|=0% @

Do gi& thiét i) va ii) nén ton tai hang s6 duong p; sao cho v6i moi t € (—oo, b)
da . Lz
a—;’q| < p1e®?. St dung gia thiét ctia Dinh 1i 1.2 va bat déng thtc

Cauchy, vé trai ctia (1.24) c6 thé danh gia nhu sau

“ Oapg p o - P27t
Z / WDanqnd:tdt < Z / |DnDrn|e”" dxdt

Ipl|al1=0¢p Ipl,lq|=0¢5

ta ¢o

<Mooy (D926 + [DPp|e?™) dudt
IPl.lal=0gs

< Mlm*||77||§im’°(7,95m)'

T (1.1) ta ¢

m

B(r,nm) =Y /apq(:v,T)D”n(x,T)an(x,T)dx > o0, 7)1 Frm )
Ipl;lq|=0 g
vi vay
i p q > ] . 2 .
TEI—noo| |¥T‘ O/qu(x,T)D 77([13',’7')D 77(.(13,7')61217 Z Mo Tgr—noo ||77( 7T)||Hm(Q)
pl,la|=0¢q

Tu danh gia trén ta c6

. 2 2
Tgr_noo ||77(, T)HHm(Q) < C“n”Hm,O(,y’Qb_oo). (125)
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Néu ta dat
vp(x,t) = / DPu(x,7)dr, —o00 <t <b,
thi
DPn(x,t) = /Dpu(a:,T)dT = vp(z,b) — vp(x,t).

Thay vao (1.25), cha § rang lim wv,(z,t) =0, ta co
T——00

Z /|vp z,b)|?dz < C Z / 7| DPy(x, t) |2 dadt

Ip|=0q PI=0gp

<2C Z / 21 (|op (2, 0) > + |vp (2, 1)]?) dadt

lp|= OQb
< Qe Z /]vp z,b)|?dx + C Z / e* vy, (z,t)|*dxdt.
Ip|=0 ¢ LR

Tiép theo, néu ta dit

Z/|vp33t|d:c

lp|=0 ¢
thi
b
(1—-ce®)Jb) <C / 27 J(t)dt
Vi vay
/ 1 1
J(b)_QC/e J(t)dt, Vb € (—oo, 2711120],

trong do6 hing s6 C chi phu thuoc vao p va po.
Stt dung Bo dé 1.3, ta c6
1 1

t) = 0 trong (o0, >~ In ).
J(t) =0 trong (—oo n2C’
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R , 1 1
Tu d6 ta nhan duge u(x,t) = 0 v6i hau khap t € (—oo, o In —20]. Do tinh duy
Y

nhat clia nghiém ctia bai toan c¢6 diéu kién ban dau (1.10)-(1.12) nén ta suy

ra ui(x,t) = uz(x,t) véi hau khap t € R. O

1.3.2. Su ton tai nghiém suy rong ctia bai toan khéong cé diéu kién ban dau

. m*

Dinh 1f 1.3. Gid sit ring y > 70 = a
Ho

khong vuot qud m. Hon nia, gid s rang ton tai hang s6 duong u sao cho

vot m* la so cac bo da chi so co cap

, da
9 sup {1 2222]  (21) € Q0 < ol o] < m p = < o

0
ii) | g:q| = 0(e*") khi t — —o0 wdi moi |p|,|q| < m va vdi moi x € Q;

iii) f, fr € La(=7, Q).

Khi dé, ton tai (va do dé la duy nhdt theo Dinh li 1.2) nghiém suy rong
u(x,t) €H™ (—v, Q) ctia bai todn (1.2)-(1.3) théa man ude lugng tien nghiém
sau

(e < Ol lza.0) + MelZa-0) |

m70(_77Q)

Ching minh. Y tudng dé chiing minh sy ton tai nghiem suy rong ctia bai toan
(1.2)-(1.3) 1a ta xay dung day nghiém xap xi 1a nghiém ctia bai toan c6 diéu
kién ban dau tuong tng (1.10)-(1.12).

Ta biét rang ton tai mot ham tron x(¢) nhan gia tri bang 1 trén [1, c0), nhan
gid tri bang 0 trén (—oo, 0] v nhan gia tri trong doan [0, 1] trén [0, 1] (xem thém
trong [57, Dinh Ii 5.5]). Hon nita, ta c6 thé gid st tat cd cac dao ham clia x(¢)
12 bi chan. Gia stt h € (—o0, 0] 1& mot sé nguyen. Dat f?(x,t) = x(t —h) f(x,t)

thi ta co
f(z,t), mnéut>h+1;

0, néu t < h.
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Hon nita, néu f, f; € La(—7, Q) thi f*, fI € Ly(—~, Q) va

1125 =0y < 1120 (—r.0)- (1.26)

121 v < CUFl Ty ) + 1112 —r0) (1.27)

trong d6 hing s6 C' khong phu thuoc vao f, h.

Gia st ring cic nghiém suy rong u” va u* ctia bai toan (1.10)- (1.12) trong
cac hinh tru Q£° vh Q° v6i f(x,t) dude thay béi f(z,t) va f¥(z,t). Véi h > k,
ta coi rang u” Elfm’o (—7,Q%°) trong d6 u(x,t) =0, Vk <t < h.

Néu ta dat u*(z,t) = u¥(z,t) — u(x,t) thi u**(x,t) 14 nghiem suy
rong cua bai toan (1.10)- (1.12) trong hinh tru Q° véi f(z,t) duge thay
béi fFh(x,t) = f¥(x,t) — fP(x,t). Ap dung (1.14), ta c6

™12, = [[u*"|2,
Hm70<_77Q) Hm,O(_,y,QzO)

< (1" = Vs 1 = £ r0m )

Vi
h+1
L R e A B A [
k
h+1
= [ = ) = x(t = DL o
k
h+1
§2/64”Wﬁdmﬁ,
k
h+1
vado f € Ly(—v,Q) nén lim [ e‘27t||f|\%2(9)dt = 0 khi h, k — —oo. Vi vay

k
lim | f* — f*II7, ) = 0 khi h,k — —oo. Lap lai cc lap luan & trén, tuong

ti ta ciing c6 lim || f — ftk||%2(_%Q) = 0 khi h,k — —oo. Diéu nay dan t6i
{u}; 2% 1a mot day Cauchy va do d6 ton tai mot ham u e H™ (—v, Q) sao

cho u hoi tu t6i ham u trong H™ (—v, Q).
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Ta di chiing minh v la nghiém ctia bai toan (1.2)-(1.3).
That vay, u® € ™Y (—~, Q) va thoéa man ding thiic tich phan sau

T
(—1)m—1i/B(t,uh,n)dt+/uhmdg;dt: /fhﬁd:cdt,
h

Qr or

v6i moi T' > 0, n € H™! (v,Q5°), n(x,t) = 0 va véi moi t > T.
Vi ul(x,t) =0, f*(z,t) = 0 v6i moi t < h nén tir (1.28) ta c6

T
(—1)m_1i/B(t,uh,n)dt+ / W dxdt = / frdxdt,
—0o0 ono or

v6i moi T > 0, n €H™! (v,Q), n(x,t) =0 va v6i moi t > T
Lay f(z,t) € La(—v,Q), cho h — —oo, dang thiic (1.29) tré thanh

T

(—1)m_1i/B(7§,u,n)dt~|— / umgdxdt = / fndxdt,

oo af of

véi moi T > 0, n eH™1! (v,Q), n(x,t) =0 va v6i moi t > T.

Tic 1a u(x,t) 1 mot nghiém suy rong ctia bai toan (1.2)-(1.3).

1.4. Két luan Chuong 1

(1.28)

(1.29)

(1.30)

Trong chuong nay, ching toi nghién ctu tinh gidi duge duy nhat cla

bai toan bién Dirichlet khong c6 diéu kién ban dau déi v6i hé phuong trinh

Schrodinger. Cac két qua dat dude bao gom:

e Chiing minh sy ton tai duy nhat nghiém va xay dung uéc luong tién

nghiém ctia bai toan bién ban dau thi nhat déi véi hé phuong trinh

Schrodinger vé6i diéu kién ban dau ¢ = h. Hon nita, ching to6i con chi ra

rang hing s6 C trong cac uéc lugng tién nghiém 1a déu theo h. T do,

ching t6i c6 thé tién qua gidi han khi h — —oo dé ching minh sy ton

tai nghiém clia bai toin khong c6 diéu kién ban dau.
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e Chiing minh sy ton tai duy nhat nghiém ctia bai toan bién Dirichlet

khong c6 diéu kién ban dau déi véi hé phuong trinh Schrodinger.

Ta thay réng, két qua veé sy ton tai duy nhat nghiem ciia bai toan (1.2)-(1.3)

khong chi ding khi mién Q chita diém nén ma con ding cho mién  tity ¥.



Chuong 2

TINH TRON CUA NGHIEM

Muc dich ctia chuong nay 1 chi ra cac két qua vé tinh tron theo bién thai gian
va tinh tron theo ca hai bién thoi gian - khong gian ctia nghiém ctia bai toan
(1.2)-(1.3). Trudc tién, ta sé chi ra cac két qua vé tinh tron ctia bai toan c6
diéu kién ban dau tuong ting (1.10)-(1.12). Sau d6, dya trén viéc cac hang s6
C trong cac u6c luong nghiém ctia bai toan c6 dieu kien ban dau t = h déu
khong phu thuoc vao h, ta cé thé tién qua gidi han va thu dude cac két qua
vé tinh tron ctia bai toan (1.2)-(1.3). Luu ¥y rang & day, ta khong thé 4p dung
cac két qua da c6 vé tinh tron ciia nghiém ciia bai toan cé dieu kién ban dau
doi v6i hé phuong trinh Schrédinger manh trong mién c6 diém nén. Nguyén
nhan 1& do trong cac két qua da c6, hang s6 C trong cidc danh gia clia nghiém
thay doi khi diéu kien ban dau thay doi. Cac két qua chinh ctia chuong nay 1a
Dinh 1i 2.3 va Dinh 1 2.4. Noi dung chinh ctia chuong nay dudc viét dya trén

bai bao s6 2 trong danh muc cong trinh ciia tac gia.

2.1. Tinh tron ctia nghiém theo bién théi gian ctia bai toan c6 diéu kién ban

dau

Trong tai lieu tham khéo [26], tinh tron theo bién thoi gian clia nghiém ctia
bai toan (1.10)-(1.12) da dugc ching minh khi h = 0 va fir € L°(0, 00; L2(Q2)).
Tuy nhién & muc nay ta khong thé stt dung két qua dé do céc hing s6 C trong
cac uéc lugng nghiem phu thuoc vao thoi diem ban dau h. Trong muc nay, ta
sé xem xét bai toan trong truong hgp h tuy ¥ va fu € La(—,Q2;°). Hon nita,

ta sé chi ra hang s6 C trong cac u6c luong tien nghiem khong phu thuodc vao
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thoi diédm ban dau h.

Dinh 1i 2.1. Gid st rang | € N va ton tai p > 0, pz > 0 sao cho

0
i sup{|%1 () €Q. 0 < [pl. || < m} — i< oo;
’a’“am
otk

i) firo € Lo(—7,Q°) vdi0 < k < 1+ 1, fu(z,h) = 0 vdi moix € Q va
0<Ek<I.

| <pp vdi2<k<l+1;

Khi dé véi moi v > (21 + 1), nghiem v €H™Y (—v,Q) ctia bai toin (1.10)-
(1.12) ¢6 cdc dao ham theo bién t tdi cap | théa man vy € H™O(—v,Q5°), vdi
mot k =0,...,l va thoa man wdc luong

k+1

o2y ) < C D £ 120y, (2.1)
§=0

trong dé hang s6 C khong phu thudc vao v, f, h.

Chitng minh. Gid st {p}22, 14 mot co sd truc chuan ctia H™(Q) va tryc

giao trong L2(Q). V6i bat ki N € N, ta tim nghiém xap xi ¢ dang nhu sau
N

vV (z,t) = Y CN(t)pk(z), trong d6 {C (t)}4_, 1a nghiem cta hé phuong
k=0

trinh vi phan

(—1)m_1iB(t,vN,<pk)—/vivmd:c:/f@dx, (2.2)
Q Q
CN(h)=0,k=1,...,N. (2.3)

Tit gid thiét, ta suy ra cac he s6 C(t) xac dinh duy nhat bai (2.2)-(2.3),
c6 dao ham tdi cap [ + 1 va thoéa man vV (z,h) = 0. D& dang kiém tra dugc
DPyN(2,h) =0, V0 < |p| <m, x € Q.

* Bu6c 1: Ta ching minh DPvlY(z,h) = 0 v6i moi p théa man 0 < k <

[, x € Q va véi moi 0 < |p| < m. Dao ham (k — 1) lan theo bién ¢ hai vé cia
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N 2 dk TN < 2 2
(2.2) r6i nhan hai vé ctia phuong trinh thu duge véi — (CN (¢)) va lay tong

dtk
theo k tit 1 dén N, ta c6

m

—z/|v ?dz + (—1)™ Z /aqu vl 1Dvadx—z/ftk1@d:U
Ipl;lq|=0 ¢
m k—2
k—1 ok—s71q —_——
55 () O Dy
[pl;lq|=0 s=0 Q

Vi fu(z,h) =0 v6imoi x € Q,0 < k <[ — 1, nén st dung gia thiét quy nap
theo k, tit (2.4) ta suy ra DPv} (z,h) =0 v6i moi 0 < k < va v6i moi p thda
man 0 < [p| < m, z € Q.

* Bu6e 2: Xay dung udc lugng tién nghiém cho v . V6i k =141, cong hai
vé clia dang thiic (2.4) véi lien hgp phiic clia n6, sau dé lay tich phan theo t
tit h dén 7 roi lay tich phan ting phan, ta dugc

m

(=)™ B(1, v (7, 7), 0 (2, 7)) = (=)™ Z agiq quinp?}NdlL'dt
Iplla|=0q7
= da
+(-1)"2Re Y I - D%} Dro dudt
Ipl;lq|=0 Q7
m -1 l ol—st+1g
+ (=1)"™2Re Z Z( ) Wqutstdexdt
|pl;|q|=0 s=0 Q7
m -2 I al a
+(—1)"2Re Z (s> atl—quqvtsHDl’dexdt
Ipl;|q|=0 s=0 Q7
m (] 0" S apy(x, 7) N TN (o Y
— (=1)"2Re Z (s) / Gil—s D (x, 7)DPolY (z,7)dx
|pl;|q|=0 s=0 Q
+ QIm/ftl T, T)V, N(x,7)dx — QIm/ftz+1vtl dxdt. (2.5)

QT

Ki hiéu cac s6 hang trong vé phai ciia (2.5) lan lugt 1a I, 11, III, IV,V,VI. Ta

sé di danh gia ting s6 hang nay. Trudc tién, st dung bat déng thic Cauchy,
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v6i moi €1 > 0 ta co

Ipl,lq|= =007

< F *
5 Z / | D%} |2 + | DPu) ) dzdt = pm /||Uﬁ[(',t)||§{m(9)dt,
h

IT < 2Apm* / 0 (- £) g e I,

T

T l—
11T < pym* (2! —1>el/HviY(-,wH%{m(deClzfllvii(-,t)||%{m(mdt,
s=0

IV§M2m*(2l—l—1)€1/||vtl ' )||Hm(Q)dt+Ol /||Uts S ) Fm ()t

-1
V < pam* (2 = Der|[olf (-, 7)[Fm ey + C1 Y [0l (7 [Fom s
s=0

v (Mot + 101 )

e (117 B / 108 o) Bt

€1 €1 s=0,...,0—1
Ki higu € = [(2"7! — 2 — )um* + 1]e; > 0 v6i I > 0, thi v6i moi 0 < € < pg, st

dung nhing danh gia trén va (2.5), ta thu dugc

0 (o) By < / 0 (s £)| B ey

-1 7
+cz||vtk Mgy + €3 [ 10Oyt

k=07,

Ol fa ()20 + C / e (I, o, (2.6)

(20 4+ 1)um* + €
Mo — € .

trong d6 C'1a mot hang s6 duong khong phu thudc vao h va o =
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Mt khac, tir (1.20) ta c6 danh gia sau

T T

0¥ () By < 20 / 220 (|1 D2, 0 + / 1o )12, st
h h

+C(Hf<-,7>||%2(m + [ Hft<-,t>||%2<mdt). (2.7)
h

Nhan hai vé ctia (2.7) v6i e=277, roi 1ay tich phan theo bién 7 tit h t6i oo, ta

dugce
1oV oy < CUAR e + Il aamy)s 2:8)
trong do6 hing s6 C khong phu thudc vao h.
St dung (2.6) cho trusng hgp [ = 1, 4p dung Bo dé Gronwall va (2.8) ta c6

8 B < C (Il iy + Wil iy + 10 o )

oo T

i 0/6_277—/eal(T_t)(||'UN('at)||§-Im(Q) + Ilft(vt)H%g(Q))dth
h h

Jr(J/e_277 €
h h

Chi § rang

T

t
ar(r1—t) / (N G ) rm ey + 12 (s )17, 0 ) dsdtdr. (2.9)
h

3 *
inf 2a7 = inf ST E 670 < 27,
po>e>0 no>e>0 g — €

nén ta c6 thé chon e dit nhé sao cho a; < . Do (2.9), st dung Dinh 1f Fubini,

ta ¢o

2
||UiN||%1m,0(—%ng) < Z ||ftk||%2(—'y,9fbo) + ||UN||%IW:0(—7,Q§°)'
k=0

Dicu nay dan tdi

2
0N o0y < C Sty (2.10)
k=0
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Lap lai cac lap luan trén, tit (2.6) ta c6 thé ching minh véi [ tuy ¥, néu

fir € Lo(—7,Q5°), k =0,...,l+1, thi v ¢6 dao ham rieng theo bién ¢ t6i

cap l va véi moi k = 0,...,[ thi
k+1
||Ui\’£||%[ma0(—fy,(2;l’°) <0y 1 fei 175 (=250 (2.11)
=0

Tu bat dang thic (2.11), ta suy ra day {v)Y } bi chin déu trong H™(—~, Q5°).
Béng cach trich ra day con hoi tu yéu, ta suy ra day {v} }3_, chita mot day
con hoi tu yéu t6i ham vy trong khong gian H™9(—v,Q%°). Hon nia, tit

(2.11), ta suy ra danh gia (2.1) dugc chiing minh. O

2.2. Tinh tron theo tap hdp cac bién clia nghiém ctia bai toan cé diéu kién

ban dau

Trong phan nay ta di xét sy &nh hudng clia bién ctia mién €2 1én bai toan dang
xét, nén khong mat tinh tong quat, tir day trd ve sau, ta gia st cac hé sb cla
toan ti vi phan L(x,t, D) la kha vi vo han trong Q, théa méan diéu kién i) clia
Dinh i 1.2; diéu kién i), ii) ctia Dinh 1i 1.3 v& hon nita a,, cing véi cac dao
ham D%a,, lipschitz theo bién = déu doi véi ¢ trong lan can clia goc toa do O.
Gia stt w 13 hé toa do cuc trén S”~ 1. Hon nita, gia st phan chinh ciia toan
t L(z,t, D) tai gbc toa do 0 c6 thé viét & dang sau
L(t,D)=r"*"¢g(w,t,rD,,D,), D, = g—i,
trong dé £ 1a toan tit tuyén tinh véi cac he s6 tron. Khi dé tap pho ciia céc
toan t tuyén tinh trong hé sau déng vai tro quan trong trong viéc nghién citu

tinh tron ctia nghiém.

L(w,t,\,D,)v(w) =0, w € G, (2.12)

Div(w)=0,w€dG, j=0,...m—1. (2.13)
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Bo6 dé 2.1. Gid st f, fi, fuu € La(—7,K:°), v > (4m + 1)y va théa man
f(z,h) = fi(x,h) = 0. Néuv(z,t) la mot nghiem suy rong cia bai toan (1.10)-
(1.12) trong khong gian H™° (—v,Q) sao cho v = 0 khi |x| > R, R la hdng

s0, thh v € H2™1(—v, K£°) va théa man danh gid sau

||U\|§{glmvl(_%;<go) < C[”ing(—’y,Kgo) + ||ft“%2(_7,}<;;o) + Hftt”%Q(—%K;;o)}v

(2.14)
trong dé hang s6 C' khong phu thudc vao v, f, h
Chiing minh. Viét lai heé phuong trinh (1.10) & dang
(_1)m Z DP(QPQ($7t>DqU) = F7 (215)
Ipl;lq|=0

trong d6 F = i(vs + f). Do Dinh i 2.1, ta suy ra F' € Ly(K) véi hau khap t.

Xét day mien
F_freK:27F<|z| <271}, k=1,2,...

Chon mot mién tron Q%9 sao cho 02 € 020 C (QL U Q2 U Q3). T két qua ve
tinh tron clia nghiém ciia bai toan Dirichlet déi v6i hé elliptic trong mién cé

bién tron, suy ra

/ |Dav(:c,t)|2dx <(C / (]F(sc,t)|2 + \U(x,t)F)dx, la| < 2m.
02,0

Tu do suy ra

/]Do‘v(:c,t)|2dzc <C / (|1F (2, 0)]* + [v(z, t)]?)dz, |a| <2m, (2.16)
Q2 QluQ2uN3
trong d6 C' 1a hang sb.
Thay x = ;%:L‘, voi k1 > 2 vao (2.15) va stt dung danh gia (2.16), ta nhan
dugce

/|Dx,v 2’ t)|?dx’ < C / (|1F (2, t)| (241 ) o (2 ) ?)d, ol < 2m.

QluN2uUNs3
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Quay trd lai cac bién x4, ..., z, ta dudc

/ |D%(x, t)[2r2 @™ dy
QFk1
<c / (1F (e 0) Pr2™ 4 o, 022" da.

le_lqul UQk1+1

Lay tong cac bat dang thic nay theo moi k; > 2 ta nhan dugc

/ |D%(z, t)[2r2 ™) dy

> ok

ki>2

<C / (|1F (2, )]*r*™ + |v(z, t)|*r—>™) da. (2.17)
> QF-lyQkiuQki+L
ki>2

Do nghiém v ddng nhat bing 0 bén ngoai mot lan can clia diém noén nén tir

(2.17) ta c6

/|D°‘v(m,t)|27“2(o‘_m)dx < C/ (|1F (2, )Pr*™ + |v(z, t)|>r—>™)dz.  (2.18)
K K

Tu diéu kien (1.12) ta suy ra

/|U(a:,t)|2r_2mdac§0 Z /|Dﬁv|2da:.

K |Bl=m g

e

Tu do ta co

/ |D%v(x, t)|*dx < c/ (IF12 + o>+ ) (D) de.

K K |Bl=m
Nhan hai vé bat ding thitc nay véi e=27¢ roi lay tich phan theo ¢ tit b t6i +o00
va st dung Dinh 1f 2.1, ta nhan dugc két luan ctia bo dé. Vay bo dé dugc chiing
minh. ]

Bé dé 2.2. Lay v(x,t) la mot nghiém suy rong ciia bai todn (1.10)-(1.12),
v > (4m + 1)y va ldy fir € La(—7, K5°) vdi k < 2m+ 1, fu(xz,h) = 0 vdi
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k < 2m. Gid st rang trong ddi
n n
— =< ImA<2m— —
m—g SImA<2m— o

khong chita cdc gid tri riéng cia cdc todn ti tuyén tinh & hé (2.12)-(2.13) vdi
moi t € [h,00). Khi d6 v € HZ™(—v, K:°) va théa man vdc liong sau

2m—+1
HUH%{gm(—'y,K,‘;O) <C Z HftkHQLQ(—%Kgo)a (2.19)
k=0

trong dé hang so duong C khong phu thuoc vao v, f, h.

Ching minh. Trudce tién ta ching minh

2m—+1
””tSHizgva(_%Kgo) <C Z Hft"“'”iQ(—y,K;;O)a (2.20)
k=0

trong do6 hing s6 duong C khong phu thudc vao h, véi s < 2m.
Viét lai he (1.10) & dang

(—=1)™L(t,D)v = F(x,t),

Fla,t) = i(v, + f) + (=1)™[L(t, D) — L(x,t, D)]v.

Do cac hé 86 apq(z,t) kha vi vo han trong @ va v(x,t) c6 cac dao ham suy
rong theo x dén cap 2m theo Bo dé 2.1 nén ta viét lai toan tt L & dang sau

2m
L(x,t,D)v = Z aq(xz,t)D%v.

la|=0

Tt day do v € H2™O(K5°) va |a(z,t) — aa(0,t)] < Clz| v6i C la hing sb, ta

P

CcO

[L(t,D) — L(z,t,D)Jv € H2® [ (K:®).

Tt Dinh 1i 2.1 va BS dé 2.1, ta suy ra F(z,t) € H2?  (K°). Do d6 ta dan téi

n < ImA < 2m—g

F(-,t) € H™° (K) v6i hau kh&p ¢. Mit khac trong dai m— 5
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khong c6 cac diém pho ctia bai toan (2.12)-(2.13) v6i moi t € [h, 00), nén &p
dung dinh 1i vé tinh tron ctia nghiém ctia bai toan elliptic trong mién khong

tron ta suy ra u € H2™,(K) v6i hau khap t € [h, 00) va

lolzrzm ey < CUAILac) + vl a0y + 101z (16)]

trong d6 C 1a hang s6. Lap lai cac 1i luan nhu trén ta dudgc

HU||H2m(K) [“fHLQ(K) + HthLQ(K) + HUHHzm(K)}

v6i hau khip t € [h, 00) va C la hdng so.
Nhan hai vé ctia bat ding thic nay véi e=27t, sau do lay tich phan theo ¢

tit h dén oo, ta thu dudgc

[012m0 ey < CI Baomrczmy + 1001 sy + 100 gere]

T (2.11) ta ¢6

||Ut||2Lg( v, KR) = CZ ||ft’“||L2 (—7,K°)
va do Bo dé 2.1 ta c6
[0l iczey < Wz ooy < € D Mfor M yaciey
k=0
Vi vay

HU”%gva( v, K2) = CZHftkHLg( v, Kp°):
Thc 1a (2.20) dang véi s = 0.
Gia st (2.20) dung dén s — 1.
Lay dao ham s lan hai vé ctia (1.10) theo bién ¢ va diat w = v, ta co

(—1)™ 1 Lw = —i(w; + fo=) + (=)™ Z (Z) Lok vge

k=1
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m oF .
trong do Ly = > Dp(ﬁDq). T gid thiet quy nap va lap lai cac ching
Ipl;lq|=0
minh trong truong hgp s = 0, thi (2.20) cang dung vdi s.
Vi

2m—1

||U’|§ng(—y,z<;;°) < Z [ves
s=0

1m0 (i) I llgo sy

nén tir (2.20) va Dinh If 2.1, ta thu dugc (2.19). B6 dé dugce ching minh. [

Dinh 1i 2.2. Lay | la moét s6 nguyén khong am. Gid si rang v(z,t) la mot
nghiém yéu trong khong gian H™O(—, Q%) vdi v > (2(2m + 1) + 1) cla
bai todn (1.10)-(1.12) trong dé fu € HY(—v, ) vdik < 2m + 1+ 1, va

fu(z,h) =0 vdi k < 2m + 1. Hon nita, gid thiét rang trong ddi
m—ﬁSIm)\§2m—|—l—E
2 2

khong chita diém pho ciia cdc todn ti tuyén tinh trong hé (2.12)-(2.13). Khi
dé ta cé v € HE™ (=, Q%) va théa man wdc higng sau

2m-4+1+1
||U||i[gm+l(_%gzo) <C Z HftkH?qé:O(_%ony (221)
k=0

trong dé hang so C' khong phu thudc vao h.

Chiing minh. 1. Truéc hét ta xét truong hop v = 0 6 ngoai Up.
Ta chitng minh dinh li ndy béng phuong phap quy nap theo [. V6il = 0, dinh
li duge ching minh do B8 dé 2.2 véi chi § ring Hy'(—v, K3°) = Lo(—, K3°).
Gia st khing dinh ctia dinh li ding dén [ — 1, ta sé chitng minh né ding véi [.
Dau tién ta ching minh bat dang thic sau:

2m-+1+1
12 E ' 2
||'UtJHH§m+l*j(_,y’Kﬁo) S C £ ||ftk||Hé’0(—’y,Kﬁ°)’ (222)

v6i moi j = 1,1 —1,...,0, trong d6 hiang s6 C' khong phu thudc vao h.
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Theo gid thiét fux € Hi(—7, K°) nén fu € La(—7, K2°). Do d6 lap luan
tuong tu nhu trong chiing minh Dinh 1i 2.1, ta ¢6 vy € H*™(—, K3°). Do
B6 dé 2.2 nén vy € HZ™(—v, K5°). Diéu nay c6 nghia la (2.22) ding vé6i j = L.

Gia st rang (2.22) dang v6i j = 1,1 —1,...,s + 1.

Tt gid thiét quy nap suy ra v € Hgm+l_1(—7, K;°), dat w = vys thi ta co6
w € HE™ 571 (—~, K°). Lay dao ham theo bién ¢ hai vé cila (1.23) s lan ta

dugce

Lw=F = —Z(wt + fts) + Z (;) Ltp'Uts—p, (223)

sz

trong d6 Ly = > (—1)|p|Dp($Dq). Ap dung gia thiét quy nap theo j

Ipl,lq|=0
va gid thiét ctia ham f, ta c6 w; € Ha™ M7 (=, K°), fis € HY (=7, K3°).

Didu d6 dan dén F € H) *(—v, K°) € H'* 7' (—v, K°). Do trong dai 2m +
l—s—1-— g <ImA<2m+1l—s— g khong chita cac diém phd clia cac toan
t tuyén tinh trong he (2.12)-(2.13), nén st dung két qua trong [51], ta c6 w €
H? ==K, v6i hau khdp ¢ € [h,00). Vivay w € H> 775700 () K90).
Cha y rang F € Hé_s(—q/, K7*) nén lap luan tuong tu nhu trong ching minh
ciia B8 dd 2.2 trong [26], ta duge w € HZ7H=710(, K;°) va w théa man

uGe lugng sau

2
||’w||H2m+z s=1.0(_, K°°) lHF”Hl 5.0 (—7,K3°) + ||w||Hl:15+1’0(—’y,K,f°) )
(2.24)
trong d6 C' 1a hing s6 khong phu thuoc vao h.
Tiép tuc st dung gia thiét quy nap va sit dung (2.24), ta dugc

2m—+I1+1

12 2
025 1 j2m 13 ooy <€ kz_o e Igmo sy 1o (2.25)

Diéu nay c6 nghia la danh gia (2.22) duge chiing minh. Thay j = 0 vao (2.22),
ta c6 (2.21). Dinh li dugc chitng minh.

2. Truong hgp téng quat: Chon ham ¢y € C5°(Uy) sao cho g = 1 trong
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mot 1an can ctia goc toa do O. Ta dinh nghia ham vy = @gv, théa man hé sau
(=)™ Y L(x,t,D)vg — (vo)e = pof + L'(x,t, D)v,

trong d6 L'(x,t, D) la toan tt tuyén tinh bac nhé hon 2m va cac hé s6 cla
toan ti nay bing 0 ¢ ngoai Uy. Ap dung trudng hop 1 clia dinh I ta c6

2m-+1+1
||vo||§i§m+l(_%ﬂzo)gc kzo ||ftk||§lé,0(_wzo). (2.26)

Tach v = vg + v1, trong d6 v = (1 — ¢g)v. Khi d6, ham v; nhan gia tri bang
0 trong Uy, nén st dung két qua quen thudc vé tinh tron ciia nghiém ctia hé
phuong trinh Schrédinger trong mién tron ta dugc

2m-+1+1
||v1||i[§m+l(_%gzo) < C Z ||ftk||?qé;0(_%gzo)' (227)
k=0

Tit bat dang thite (2.26) va (2.27) ta c6

2m+I1+1
HU“?‘IonH(_%QZO)SC Z ||ftk||i[(l)a0(_%gzo)‘
k=0

Do do, dinh li dugc chiing minh hoan toan. L]
2.3. Tinh tron ciia nghiém ctia bai toan khong cé diéu kién ban dau

Ta biét rang nghiém suy rong w ciia bai toan khong c6 dieu kien ban dau
(1.2)-(1.3) dugc xap xi bdi day cAc nghiém u" ciia bai todn c6 diéu kién ban
dau tuong ting.
Tir dénh gid (2.21) ta ¢6
k+1

ih ih ih
Huik H%{m’o(—y,ﬁ;o) = HU;Zk ||%{m70(—ﬂy,Q) < CZ I fi:
s=0

2
LQ(_’77QJOO) ’
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Hon nita, ta co

h+1

A B A
J
h+1

::/eﬁwwa—M—xu—ﬂmmamﬂt
7
h+1

<2 [ TSR, it
J
h+1
Do f € La(—7,Q), lim [ e || f||7, )dt = 0 khi h,j — —oo neén ta suy ra

lim ||fjh||§2(_m]o_o) =0 ﬁhi h,j — —oc.
Lap luan tuong tu ta dugc lim || ff!‘||12(_m?o) — 0 khi h,j — —o0, v6i moi
s=0,....k+1.

Diéu nay dan dén {u"}, %} la day Cauchy va do d6 u” hoi tu dén ham u
trong HZ™ ! (—v, Q). Hon nita, H2™ ™ (—v, Q) nhing lién tuc vao H™(—v, Q)

~

V1

2m—+lI
el Famss gy < D /6_2%2('&'_%_”|Da“|2df”’dt < Clullfrmo(—r,0)-
0 ’ ,
|a|:OQ

Do d6 dé dang kiém tra dugc u € H™9(—v, Q) 14 nghiém ctia bai toan (1.2)-
(1.3).

Két qua vé tinh tron theo bién thoi gian va tinh tron theo tap hop cac bién
clia bai toan bién Dirichlet khong c6 diéu kién ban dau déi v6i hé phuong trinh

Schrédinger manh trong mién c6 diém non cé thé duge phat biéu nhu sau.

Dinh 1i 2.3. Gid sl € N va ton tai p > 0, pe > 0 sao cho

0
9 sup {1 2222]  0t) € Q0 < ol ol < m p = < o,
| 8kapq
otk

i) fu € Lo(—v,Q), vdimoiz € Q,0<k <[+ 1.

| < po, 0i2 <k <I+1;
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Khi dé vdi moi v > (21 + 1)v0, nghiem u e H™° (=, Q) ctia bai toan (1.2)-
(1.3) ¢6 dao ham theo bién t tdi cap | va théa man u, € H™O(—v,Q), vdi moi
k=0,...,1 sao cho

k+1
||Utk||%{m,0(—y,Q) < CZ ||ftj ||%2(_%Q)7 (2-28)

J=0

trong dé hang so C khong phu thudc vao u, f.

Dinh i 2.4. Lay | la mot s6 nguyén khong am. Gid si rang u(x,t) la nghiém
suy rong trong khong gian H™%(—v, Q) vdi vy > (2(2m+1)+ 1)y ctia bai todn
(1.2)-(1.3) va fue € HY°(—v,Q), vdi k < 2m + 1+ 1. Hon nia, gid si ring
trong dai

n n
——<Im\<2 [ — —
m 5 S mA < 2m + 5

khong chita diém phé cia cdc todn ti tuyén tinh trong hé (1.2)-(1.3). Khi do
u € HZ™ M (—v, Q) va théa man udc ligng sau

2m-+1+1
2 <C 2 2.29
lalemsi oy SC D0 Misllpro . o (2.29)
k=0

2.4. Két luan Chuong 2

Trong chuong nay, ching toi danh hai muc dau tién dé trinh bay vé tinh
tron ciia nghiém ciia bai toan véi diéu kién ban dau ¢t = h tuy y. DA c6 mot s6
cong trinh nghién cttu tinh tron ctia bai toan c6 diéu kién ban dau doi véi he
phuong trinh Schrédinger trong mién c6 diém nén, chang han [24], [25], [30].
Trong cac két qua nay, hing sé6 C trong cac wdc luong tién nghiém déu phu
thuoc vao thoi diém ban dau h. Vi vay ching toi can dit diéu kien phit hop
hon cho vé phai f va danh gia tinh hon dé cac hing sé dé doc lap véi h. Sau
do6, bang cach tién qua gisi han khi h — —oo, ching toi nhan duge cac két qua
vé tinh tron ctia nghiém ciia bai toan c6 diéu kién ban dau. Cac két qua chinh

dat dudc bao gom:



48

e Tinh tron theo bién thoi gian ctia nghiém suy rong clia bai toan trong
khong gian H™°(—~, Q). Tinh tron nay chi phu thuoc tinh tron cia vé

phai ma khong can doi héi dieu kién vé tinh tron ciia bién.

e Tinh tron theo tap hop cac bién ctia nghiém trong khong gian Sobolev
c6 trong HE™ T (—~, Q). D& dat dugc cac két qua nay, ngoai diéu kien vé
tinh tron ctia vé phai f, chiing toi con can phai gia thiét them diéu kién
doi véi cac he s6 clia toan tit L va diéu kien pho ciia bé toan tit tuong

tng, tic 1a diéu kién vé tinh tron cta bieén.



Chuong 3

BIEU DIEN TIEM CAN NGHIEM TRONG LAN CAN CUA
PIEM NON

Muc dich chinh ctia chuong nay 1a nghién cttu dang diéu tiém can nghiém suy
rong trong lan can cia diém nén. Két qua chinh ctia chuong la Dinh 11 3.1.
Phuong phéap chinh dé nghién citu 13 st dung cac két qua vé pho clia cac toan
t tuyén tinh va cac két qua vé biéu dién tiém can nghiém ctia bai toan elliptic
trong lan can ciia diém nén ciing véi phuong phap chiing minh quy nap toan
hoc. Noi dung chinh ctia chuong ndy duge viét theo bai bdo s6 3 trong danh

muc cac cong trinh cia tac gia.
3.1. Cac kién thic bo trg

Dit r = |2] vA w = (w1,...,w,_1) 12 Mot hé toa do cic trong S™~ L. Ta dé
dang kiém tra duge D® = r~1el |§:| Po i (w, Dy)(rD,)k, trong d6 P, x(w, D,,)
14 cac toan tit tuyén tinh véi cac ﬁggé 14 cac ham tron trong Q vé6i D, = i0/0r,
D,=0/0wy...0wp_1.
Ki hiéu

L(t,D)= > DP(ap(0,t)D)

[p|=|q|=m

1a phan chinh ctia toan t L(z,t, D) tai goc toa do O. Khi do ta viét lai toan
ta L(t, D) & dang sau

L(t,D) = T_Qmﬁ(w,t, rD,,D,)
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trong d6 £(w,t,rD,, D,) 1a toan ti tuyén tinh v6i cac he s tron.

Ta gi6i thiéu bo toan tu
U t) = (&(w,t, A\, Dy,),D2,.... D™ ) NeC, t R,
clia bai toan elliptic phu thuoc tham s6 sau

L(w,t,\, Dy,)u = f, trong G, (3.1)

Diu=g;, tren 0G, j =0,...,m — 1. (3.2)

V6i moi hing s6 A € C, t € R, b6 toan tit 4 1a mot anh xa lién tuc tit khong

gian
X = HY(G) vao khong gian Y = H'72™(Q) x H;nlel_“f_l/Q((‘?G),

trong d6 [ > 2m va pu; =0,--- ,m — 1.

Bay gis ta nhiac lai mot s6 khai niém quan trong vé b6 toan tit phu thuoc
tham s6 4 nhut sau (c6 thé xem theém trong [39]). Lay ¢y € R 14 mot s6 c6 dinh.
Néu g € C, ¢ € X sao cho ¢g # 0, U(Ng,to)po = 0, thi ta goi \g 12 mot gia
tri riéng ctia b6 todn tit LU(\, o) va o duge goi la mot vectd riéng tuong ting
vG6i gia tri rieng \g. Khi d6 A = dimker (g, tg) dude goi 1a boi hinh hoc ciia
gia tri riéng \g.

Néu cac phan tit ¢g, @1, ..., s cia X théa man phuong trinh
ilﬁﬂ()\ to) [x=xg Poq =0, véio=1,...,s
gl a7 0 $o—q =5 S

q=0

thi bo sap thi tu g, @1, ..., ps duge goi 14 mot xich Jordan tuong ting véi gia
tri rieng Ao v6i do dai la s + 1. Hang ciia vecto riéng ¢ (rankeg) duge dinh
nghia la do dai cyc dai ctiia xich Jordan tuwong tng véi vecto riéng .

Mot hé tryc chuan cic vecto rieng ciia $(Ag,to) tuong tng véi gia tri rieng
Ao 1a mot hé cac vecto riéng 10,920, -.,%a,0 sao cho hang cia @1 la 16n

nhat trong s6 cac hang clia cic vecto riéng tuong ng véi gia tri rieng g va
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hang clia ;o 1a 16n nhat trong sd cac hang clia cac vectd riéng trong phan
bu ctia khong gian ker (Ao, o) clia ¢1,0,-..,9j-10( = 2,...,A). Céc s
k; = rankp;o (5 =1,...,A) goi 1a cac boi rieng va tong k = k1 + - - - + kp goi
12 boi dai sb6 clia gia tri rieng .

Gia tri rieng \g dudc goi 1a gia tri rieng don néu boi dai s6 ctia né bang 1, gia
tri rieng \g dudc goi 1a gia tri rieng ban don néu boi dai s6 va boi hinh hoc
clia n6 bang nhau.

V6i mdi t € R ¢d dinh, tap tat ca cdc s6 phiic A sao cho U(\,t) khong kha
nghich duge goi 1a phd clia bo toan tit U(\, ¢). Ta biét ring, ching han xem
trong [39], pho clia toan tit (A, ¢) & mot tap dém dudce cac gia tri rieng

Dé thu dugc biéu dién tiém can nghiém trong lan can cta diém ki di, sau
nay ta con doi héi thém cac diéu kién vé cac gia tri rieng va vecto riéng cia
bé toan tit U(A,¢) nhu sau:

Lay lq,ls 1a cac s6 nguyén khong am va 31,82 1a cac s6 thuc sao cho
l1 — B1 < la — B2. Ta ndi rang gia thiét (H) cho cac s6 1,12, f1, B2 duge thoa

méan néu cac diéu kién sau dugc théa méan

i, Céc dudng thing Im\ = —8; +1; — g (i = 1,2) khong chita cac gia tri

rieng ctia b6 todn tit U\, ¢) va dai — By +1; — g < ImA(t) < —Botls— g
chi chita cac ham gia tri rieng A\, (¢), p = 1,..., N, v6i bai hinh hoc tuong
ung la A, va céc boi riéeng K, k5, p=1,...,N, k =1,..,A,, khong phu

thuoc vao t € R. Hon nita, cac gia tri riéng la cac ham giai tich trong R.

ii. Ta ¢6 thé chon duge mot hé truc chudn cic vecto gp,i“ S) (w,t) trong d6

k=1,...,A,, s=1,...,K,, cia xich Jordan ctia (), ) tuong ting véi
gia tri rieng A,(t), p =1,..., N sao cho cac vecto cpl(fs) (w,t) la cac ham
tron trong Rvéi k=1,...,A,, s=1,..., K, v6i moi w cdq.

Cha ¥ rang néu cac duong thing Im\ = —f; + ; — g, (i = 1,2) khong chita

cac ham gié tri riéng ctia b6 toan tit U(\, ¢) va dai —f1 + 1; — g < Im\(t) <
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—Bo + 1y — g chi chita cac gia tri rieng don hoac ban don A, (t), p=1,..., N,
v6i boi khong doi, thi tit [34] ta c6 thé két luan ring gia thiét (H) cho céc s6
l1,12, 81, By duge thdoa man.

Nhan xét 3.1.1 Theo Dinh 1i 5.2.1 trong [39], néu \o(¢) la mot gia tri rieng
ctia b6 toan tit U(\, ¢) v6i boi hinh hoc I va cac boi riéng k1, . . ., k; khong phu
thuoc vao t thi ton tai mot lan can U; clia goc toa do O sao cho trong Uy x R
toan tit U~(\,¢) c6 bidu dién sau

D=2 N Gy ((gﬂj_s + RO D), (3.3)

j=1 s=0

trong doé Pj s(t) 1a ho toan t1 phu thuoc giai tich theo ¢ va PB(A,t) la ho toan
t1t lien tuc phu thuoc gidi tich theo cd hai bién \ va t.

Tiép theo, ching toi chuyén qua gisi thieu vé bé toan ti lien hop véi bo
toan tir U(A,t). Truéc hét ta nhac lai dinh nghia vé hé Dirichlet bac [ (xem
[39] (trang 63)).

Mot hé cac toan tit vi phan bién {By,..., B;} goi 1a mot he chuan tic trén

' néu
e ordBj # ordB; véi k # j;

e Bl(z,t,v(x)) #0, j =1,...,1 véi moi (z,t) € T, trong d6 Bf(x,t, D)
1a phan chinh ctia B;(xz,t, D) va v(x) 1a trudng vecto don vi phap tuyén
ngoai ctia S\ {0} tai diém .

Mot hé toan tit vi phan bién {By,..., B;} goi la mot hé Dirichlet bac [ trén I'

néu hé nay 1a chuan tac va bac clia mdi toan tit B; déu bé hon .
) : _—y ol )
Khi d6, néu ki hi¢u toan tu bien B; = Wk 7 =0,...,m—1la cac toan tu
1%
bién ctia bai todn (1.2)-(1.3) thi hé {By, ..., By,_1} 12 mot hé chuan tic tren

0K, va do do6 c6 cac toan tit bién

Bj(t,D), ordBj(t,D) = p; <2m, j=m,...,2m —1
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sao cho hé {By, ..., Ba;,—1} 1a mot hé Dirichlet bac 2m trén 0K, hon nita cong

thitc Green sau
-1

/£u1)+ Z /B uB’+ vds = /u£+vd:c~|— / Bj+mu%ds, (3.4)

K =09k §=0

ding v6i u,v € C°(K) va v6i mdi t (xem trong [39]). O day
Lru=CHLD)u= (-1 3 (~)PDP(@,(0,6)D%)
Ip|=lg|=m

la toan tit lien hop hinh thie ctia £ va B; = B}(t, D) la cac todn tit bién bac
py =2m —1— pjym néu j <m—1vabac pf =2m—1— p;_, néuj > m,
trong d6 pu; =jnéu0<j<m-—1.

Céc toan tit LT(t, D), B(t, D) va Bj(t, D) c6 thé viét dugc 6 dang

LT (t,D) =r"2"g (w,t,rDr,D,), (3.5)
Bj(t,D) = r =% (w,t,7Dr, D), j =0,...,m — 1. (3.6)
B;(t,D) = r~"i%B;(w,t,rDr, D), j =0,...,m—1 (3.7)

T cong thic Green (3.4) ta nhan duge cong thic Green sau

/St)\uv-l-Z/% (¢, NuB’ (¢, —\+2m —n)vds =

I=05K
1

/u2+(t, —\+2m — n)vdx + B j1m (t, NudB’(t, — X+ 2m — n)vds,
0

3

(3.8)

v6i u,v € C°°(Q) va v6i moi t. Trong d6, dé cho ngin gon, ta di ki hiéu
(£, A), B;(t,\), £ (£, A) va B/, (£, \) thay cho £(w,t,\, D), Bj(w,t, A, D),
£ (w,t, A, Dy,) va B(w,t, A\, Dy,). Tap phd clia cac toan ti tuyén tinh trong
hé sau

£ (w,t,—iA+2m —n, D,)v = 0, trong G, (3.9)

B (w,t, =i\ +2m —n,Dy)v =0, trén G, j =0,...,m — 1, (3.10)
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dugce goi 1a bai toan lien hgp clia tap pho clia cac toan ti tuyén tinh trong he

(3.1)-(3.2). Va bé todn ti
Ut (AN t) = {L&T (w, t, —iA+2m —n, D,); %;(w, t,—iA+2m —n,D,)},

v6i j = 0,...,m dudc goi la b6 toan tit lien hgp ciia b6 toan ti U(\, ¢) theo
cong thic Green (3.8) (xem [39, trang 64]).
Ki hiéu ﬁo = Uy N Uy, v6i Uy 12 1an can cia goc toa do O xac dinh & trang

5 va Uy duge xac dinh & trang 53.

3.2. Biéu dién tiém can nghiém ctia bai toan elliptic phu thudc tham sb trong

lan can cta diém nén
Dau tién, ta xét bai toan bién elliptic phu thudc vao tham s6 ¢ nhu sau

(—=1)™L(t,D)u = f trong Q, (3.11)

Dlu=g; tréenT, j=0,...,m — 1. (3.12)

Bd dé sau cho ta két qua vé biéu dién tiem can nghiem ctia bai toan elliptic
phu thuoc tham so trong lan can ciia diém nén. Trong [31], cac tac gid da phat
biéu va chiing minh két qua tuong tu véi dieu kieén cac gia tri rieng 1a ban don
va xét bai toan trong tru K x (0,00). O day, mic dit chi yeu cau didu kien yéu
hon dbi v6i cac gia tri rieng (diéu kien (H)) nhung ching t6i van nhan dugc

biéu dién tiém can nghiém trong K., = K x R.

Bé dé 3.1. Gid st u € Vﬁli,’g(—% Ko) la mot nghiém cia bai todn (3.11)-
(3.12), trong dé f € Véjjm’o(—’y,Koo), g; € ijmﬂH/lO(—% 0K ) va
L1, lo, d la cac s6 tu nhién, By, Ba la cdc so thuc théa man ly,ly > 2m, Ba—Ily <
B1 — 1. Gid st u =0 ngoai Uy. Hon nita, gid si rang gid thiét (H) cho cdc so
l1, la, B1, Bo dude théa man. Khi dé u théa man biéu dién sau

Ay Bpj—

N 1
w(z, t) = Z () Z Cpjis(O)y s +w(,t), (3.13)
pn=1

j=1 s=0
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trong do w € Vﬂlzjg(—’y,Koo), Cu,j,s € L%(—%R)

. 5, 1
vi s = 3 — ()7l (w,t).

o=

Chitng minh. V6i p = 1,..., N, gid st go(“)( t), k=1,...,A,,s =1,...,k
a4 mot hé chinh tac cac ham vecto riéng ctia b6 toan ti U (N, ) (xem them

trong Bo dé 4.1 trong [51]). Dat

S

> 1
'Uu,j,s(xa t) — T—l)\u+2m—n Z '(1117“)0905‘;) U(w, t)
o.

=0
véipu=1,...,N, j=1,...,A,, s =0,...,K,j-1. V6l mbi ¢ c6 dinh, theo
Dinh If 6.1.4 trong [39] ta c6 biéu dién (3.13) véi

1
w(e,t) = o / P F (w, A, 1), (3.14)
T
ImA=—Pa+la—2
Cp,js / z,t)v,js(x,t) dac—i—/ Z gj(z,1) B;ervﬂ,j’s(ac,t)dS, (3.15)
Q r J=0

véipu=1,...,N, j=1,...,A,, s =0,...,k,; — 1, trong do6 ta da ki hi¢u

§ = (r2mf,r2mgo, ..., r2"g;_1). o) day g(w, A\ t) := 0+OO r= A lg(w, r,t)dr 1a
bién doi Mellin theo bién r ctia ham g(w, A, t).

Trude tién, ta chitng minh ring w € Vl2’ 4(—=7, K). Do trén duong thang
Im\=—f9+ 1y — g khong c6 cac gia tri riéng clia cac tuyén ti tuyén tinh &
hé (3.1)-(3.2), nén tit ching minh ctia Dinh 1i 3.6.1 trong [39] ta c6 danh gia

Sau

m—1
I OB s ) < c(nr?mfuiv;_zmm,wzo PG s g )
]:
(3.16)
ding véi moi A nim trén duong thing Im\ = —fB + Iy — g, t € R, trong do

hang s6 C khong phu thudc vao A, t, véi
Hu||W2l(Q,>\) = [|ul[ 1) + \)\|ZHUHL2(Q),

[ullyi-172(5,5) = llllgi-vrz2es) + A2l s
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lan lugt 1a céc chuan tuong duong trong H!(Q), H'~'/2(S) véi sb phitc \ cb
dinh bat ki (xem Bd dé 3.6.3 trong [39]).
Ta sé chiing minh bang quy nap theo d rang

m—1

6 OBy ) < € (I, + 3 05 g )
T (3.17)
V6i d = 0, bat dang thic (3.17) dang do (3.16). Gia st (3.17) dtung vé6i h — 1.
Tt dang thiic
U\ DU\ L) = Id,
lay dao ham d lan theo bién t ta nhan dugc
d—1

3 <d>utdk(x,t)(u—1)tk(x,t) O ) (U (M 1) = 0. (3.18)

k
k=0

Viét lai dang thic (3.18) dudi dang

sy

e FIONIESSTPNDY
k

=0

(Z) Spamr (A ) (U 1) (N, 1), (3.19)

T dang thiic nay va gid thiét quy nap, ta nhan duge (3.17). Do B6 dé 6.1.4

trong [39] nén chuan trong khong gian H é(K ) tuong duong v6i chuan sau

1
1 . 2
il = (5 [ BB sy 2)

ImA=—B+1—1

St dung diéu nay véi chi ¥ w(w, A\, t) = U™, )T (w, A\, 1) va (3.16), tix (3.14)
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ta suy ra v6i moi ¢ thi

C
loC O o < e [ ARy 8
I’I’I’I,)\:—,@Q—I—lg—%

—o [ ORI, g

Im>\:—ﬁ2+l2—%

S % / (||T2mf||$/[/212—2m(9 \) + Z ||T2mg.7.||‘2/‘/12*14j*1/2(s )\))dA
? ) 2 )
ImA=—B2+l2—% 3=0

< o(lr2m (., )||212 o +Z||7’“Jg]|| o1z o)

2 (s)

m—1

C(Hf()t)H?qéi—Qm(K) + Z ||gj||§{l2fuj*1/2(s)>'

=0
Nhan hai vé ctia bat ding thic trén véi e2?* roi lay tich phan theo t trén R ta

nhan dugc w € Héi’o(—% Ko) va

2 2 2
0o ey < (IR s ams )+ Z [ )
(3.20)
Liy dao ham hai vé ctia dang thitc (3.14) d 1an theo ¢, ta c6

wya(x,t) = L / Mi( ) Yok (A )T pamr (w, A, £)dA.

21
ImA=—By+la—2  F=0

St dung (3.17) va cac lap luan tuong ty nhu khi ching minh (3.20) ta nhan
dugc wya € Héé’o(—’y, K) va

2 2
HwthHéz’o(—%Koo) SC(Hﬂ'Vé;ozm’o(—%K T Z 195112 Yl =120 7,1“)>.

52 0
TfrdésuyrawEVQ’ (=, Kxo)-
Tiép theo ta chiing minh ¢, ; s(-) € LE(—v,R) véi p=1,..., N va v6i moi

j=1,...,A,, s=0,...,k,j—1. That vay, ta nhé lai rang

I
Dy =r7 1Y " P, p(w, Dy,)(rD)?,

p=0



o8

S

—id,+2m—n 1
s (,8) = 7Y D S ) L (),
o=0

Dav)u‘aj)s (x7 t)

o s
— | —1 m—n 1 g
=l :(rDr)p<fr Rukzmen —j(nr) o) a(w,t)Pa,p(vaw)>
p=0

o=0

ol p

_ p—lal=ixgr2m— nZZZQU (Inr) Py p( Dwgpyg 5 (w, 1)), (3.21)

p=0 k=0 0=0
trong d6 @), la da thic cta Inr v6i bac khong vugt qua o.
Ton tai s6 duong € sao cho Im,(t) < —fB + 1y — g — 2¢, do do, tir (3.21)
ta suy ra

||

|T—,32+l272m+|a|Da,U(x’t)’ < CT*%+6 Z ‘ Z |Qa hl?” |90J s— U( )|

p=0
v6i moi (z,t) € Ko va moi bo da chi s6 o Nen vy, j (-, t) € H 5 ) o (K)

~

va

Vs O, L) < Ol D),

= o+l
v6i hau khap t.
Dao ham p lan ham v, ; s theo t ta duge

S

p J—
(’Uu7j,s)t1’ _ Z (p) (r—z)\k(t)+2M—n)tp7q Z(‘Pgus) U(w,t))tq

q=0 q o=0

— p ]
—iAg (t)+2m—n p n: mi+-+mn
e Z(q>zm1!...mn!(lnr) 1

q=0
n (s )
)\
<11 (F2 ™ (),
trong d6 tong thit hai 14y theo bo n s6 (my, ..., m,) théa man diéu kién

mi+2mo + - +nm, =n.
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Lap lai cac lap luan nhu trén, ta dugc

p
||(Uu,j78)tp('7 t)||Hl—'72+l2—2m+l(K) < CZ ||(<P§f?)tq ||Hl(G)-
q=0

Nhu vay ta co

SWWM&W_MMM<CZ}WH%JMW@<+w (3.22)
q=0

v6i cac sO6 nguyeén khong am [, p bat ki.

Dat a, js(t) = [ f(z,t)vy,js(z, t)dz. V6i p < d, st dung (3.22), ta c6
K
P
|(Cpugs) e ( —‘Z /ftp a(x,t)(vy js)ta(, t)dfl?‘

< C(Z [rPa—tat2m £, ||%2(K)) (Z [r=BaHa=2m(y ), ||%2(K))
q=0 q=0
p
S CZ ||ftq||ill2—2m(K)
q=0 7

Ta dat b/, ; ,(t) = ggi~B1{+m’Uu,j,s(t>a i=1,...,m.. Khi do, lai sit dung (3.22),

ta c6 v6i p < d thi
|( L] s)tp(t)|2

_ ’Z ((gj)er—a(-st), (v js)ea (-, t))s

q=0

’ 2

I/\

p
(Z‘ Ba—lao+p;+ (gj tq”Lg(S)) (Z Hr_ﬁz-i-lz Mg — (B§+mvu,j75)tq"%2(K)>

q=0

(XMl %&)(§juzmjsﬂ”2muj o)

I/\
S

q= —,32+12 b

p
<CD (gl PR
per SR FESIC)

Nhan hai vé ctia bat déang thic trén véi e~27? roi lay tich phan theo ¢ trén R,
ta dudc ¢, ;s € LI(—v,R). Bd dé dude chitng minh.
O
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Khi vé phai cia (3.11)-(3.12) ¢6 cac dang dac biét, st dung phuong phap

tuong tur trong [55] ta c6 thé chiing minh b dé sau:

Bé dé 3.2. Xét bai todn (3.11)-(3.12) vdi

M
f = T_i/\o(t)_Qm Z In® 7}fs (wv t)7
s=0

M
g; = R0 (t)—2m4j+1 st rgjs(w,t), 5=0,...,m—1,
s=0

trong dé fs € C®%—v,Gw), gj.s € C4—v,0G), s = 0,..., M. Gid si
rang néu \o(t) la mot gid tri riéng cia b6 todn ti (N, t) vdi gid tri nao dé
cia t, thi né la gia tri riéng cia YU(A,t) vdi moit € R vdi boi hinh hoc va cdc
boi rieng khong phu thuoc vao t € R. Khi dé, ton tai mot nghiém cia bai todn
(3.11)-(3.12) ¢6 dang

M6
w=r~Po®) Z In® rug(w, t), (3.23)
s=0

trong dé Uy € C%(—y,Gs); 0 = 0 néu A\o(t) khong la gid tri riéng cia
(N, 1), ngoai Ta 0 la boi rieng 16n nhdt cia \o(t).

Chiing minh. Ta biét ring, toan ti ngude clia toan tit $(\,t) c6 bicu dién sau

+oo
= 3" Py (A —x(®)",

k=—k

N A
trong d6 P_1(t) = > Ps(t) trong trusng hop k =1, va
1

1 oy
PL(t) = ————(Xo(t),t 3.24
k() n!aAk( O()?) ( )
v6i k=0,1,.... Rorang Px(t), k = —k,—k +1,..., 1& céc toan tf lién tuc tir

khong gian ) vao khong gian X va giai tich theo ¢ trén R. T dang thic

n+k

SO ) = 3 (Z D a(0), )Py (1)) (A No(0))F =1

k=—x ¢=0
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ta suy ra

l-e+k:
Z u<q (Mo(t), ) Pr_q(t) =00, k=—kK,—k+1,..., (3.25)

trong d6 d,; 1a ki hieu Kronecker. Gid st u 13 ham c6 biéu dién dang (3.23),
thi

' sS+kK

U(irdy, tyu = r=OUN () + 70, 1) Y —

o=0

g (In7)Ustp—o

S+k
i 1
_ .—iXo(t) Z u@ (Ao(t),t)(rd,)1 Z —
q= O o=0
sS+kK S—}—KJ o 1

S ST SR TLEROT

q=0 ¢

(In7)%Ustp—o

Dﬁt Vo = (favgl,aa---vgm,a)a O':O,...,S va

min(k,s)

Z P_ik—p)vp, k=1,...,5+kK,

ta dugc ux € HY(Qr),k =0,...,s + k. Sit dung dang thiic (3.24) ta c6

U(rdy, t)u
stk s+k—o 1 min(s+Kxk—o—q,s)
= ol t)z lnfr Z —'Ll(q)()\o(f)at) Z Ps—o—q—p(t)vp
qg=0 i p=0
s+r min(s+x—o0,s) s+k—0o—p 1
pidol t>20' (Inr)” Y P ORI O
p=0 q=0
s S+Kr—p S+H—U—p1
O Y S (X U a0 P a0
p=0 o=0 q=0
s Str—p
_’L>\O t)z Z ' ln/r. S—i—li o— p,oq}p
o.
p=0 o=0

S

1
lnr TPy, = pho(®) Z p (In7)%vs_p.
p=0

_ —7)\0 (1) Z
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Viét lai dang thic nay & dang
L(w,t,0,,r0.)u = r*"f trong Ko,
Bj(w,t, 04,70, )u =1r"g; trén S, j=0,...,m — 1.
Tiic 13 u 1a nghiém ctia bai toan (3.11)-(3.12), va nhu vay, bd dé duge chiing
minh. O
Tiép theo, ta xét bai toan elliptic phu thudc tham s6 ¢ dang sau
(=1)™L(t,D)u = f trong K, (3.26)
Bju=g; trén 0K, j =0,...,m—1, (3.27)
Bo dé 3.3. Gid st u € Vl’o(— , Koo) la mot nghiém suy réng ctia bai todn

(3.26)-(3.27), trong d6 f € VI,2m+0(—y KL), g5 € Vi ' 720 (=, 1), wai

l,s,d la cdc s6 nguyén khong am, | > 2m. Khi dé u € Vﬂlis 2( —v, K&) va théa

man vdc luong

m—1
2 2 2
U . mats, + g o
|| ||V,3lis,g(_'YaKoo (”f” l 2 + 0( v, Koo) pard ||gj|| Bl+g]d+ ( ’Y’F))
(3.28)

trong dé hang s6 C' khong phu thuoc vao u, f va g;.

Chiing minh. That vay, ta chi can ching minh uu € H/ZBJ;‘ZO(—% Ky) va

m—1
lasllseo ey S CUF N grameen ) g )+ Z o By TR r>)
(3.29)
véi k = 0,...,d, trong d6 C la hing s6 khong phu thudc vao u, f va g;. Ta
chitng minh bang phuong phap quy nap theo d.
Cd dinh ¢ € R va xét bai toan (3.26), (3.27) nhu mot bai toan bién elliptic
(khong phu thuoc tham s6). Ap dung He qué 6.3.2 trong [39], ta c6 thé suy ra

u(-t) € HG'S (K) va

[OnI e o<||f<-,t>||i[zﬁ-fsm+sm+legy O ey g )s (3:30)

/3+S 2 (S)
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trong d6 C' 1a hang s6 khong phu thuoc vao u, f, g; va t € R. Nhan hai vé ctia
bat ding thic nay véi e=27t va lay tich phan hai vé ding thic thu duge theo

t trén R ta dugc

m—1
2 2
u s, m-+s + 877 .
|| ||HZB++SO( v, K (||f||Hl 2m+ 0 —7,Koo) JZO ||gJ|| ;+,:]+ ( ’Y7F))
(3.31)
Do d6, (3.29) dtng véi d = 0.
Gia stt dieu can chiing minh ding dén d — 1 (d > 1). Lay dao ham hai vé

clia (3.26) d lan theo t va st dung gia thiét quy nap, ta dugc

d—1
d
Lug = fa— Y <k> Lya-rugp € H 20 (—v, Koo). (3.32)
k=0

Tuong tu, ta co

k—1

k li—pj+s—1.0

Bjutk = (gj>tk - Z <p) <Bj)tk_putp € Hﬁl—i-su e (_77 F)? (3'33)
p=0

v6i j =0,.. — 1. Lap luan tuong tu nhu trong (3.31), tir (3.32) va (3.33)
ta o um € Héfr‘i,o( v, Koo) va danh gid (3.29) duge ching minh. B8 dé duge

chiing minh hoan toan. O

Bo6 dé sau mo ta bieu dién tiém can ctia nghiém ctia bai toan elliptic phu

thuoc mot tham so trong lan can ctia diém nén.

Bé dé 3.4. Liy u ¢ Vll’ 4= K) la mot nghiém cia bai toan (3.26)-
(3.27), trong do f € ézydzm’o(—’y,K ), g; € Vl2 2m+‘7+1/20( v, 0K ) vdi
j=0,....,m—1wvaly,la,d la cdc s6 nguyén khong am, lo > 11 > 2m, b1, B2
la cdc so thuc théa man 1y — 81 < la — B2. Hon nita, gid st rdng gid thiét (H)
dung cho ly, la, B1, B2 voi N = 1. Khi do, nghiém u cé dang

k—1

u(x,t) = Z PP P (Inr) 4+ w(z, t), (3.34)
s=0
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trong dé w(-,-) € Vﬁli’g(—%Koo), P(+) la cdc da thic cé bac khong vugt qud
0 + Kk — 1, vdi cdac hé s6 la cac ham trong khong gian C°%(—v,Gy), k la 56
nguyén bé nhat lon hon —Bs + ly — g — ImM\o(t) vdi moi t € R, va 0 la boi

riéng ldn nhat cia \o(t).

Chitng minh. Ta chia doan [B2, 81 + l2 — [1] bdi cac diem chia &g, ...,y sao
cho 6o =1 +1lo—11, Spr = P2 vA0 <6, 1 —0,<1, o=1,...,M. Ap dung
Bbdé3.3tacouc ‘/(;lj”c(l)(—’y,Koo).

Viét lai (3.26), (3.27) & dang

(=1)™L(t, D)u = f(z,t) = f + (=1)™(L(t, D) — L(z,t, D))u (3.35)

B;(t, D)u = g;(x,t) = g; + (B; — Bj)u,j =0,...,m — 1. (3.36)
bat L'u = L(t, D)u — L(x,t, D)u, Blu = Bju — Bju ta c6

L'u= Z DP(apq(0,t)—apq(x,t)) Du+ Z D¥a,, D% = Liu+Lou.
Ipl=[q|=m lpl+lal<2m
Do |apg(0,t) — apg(x,t)] < Cr véi p| = |q] = m va u € Vi (Kx), ta c6 Liu €
lo—2m,0 o D lo—2m+41,0 lo—2m,0
Vi i (=7, Koo). Mait khac Lou € V32 )20 (—y, Koo) C V210 (=7, Koo).
Hon nita ta c¢6 dg+1 > 61 va V(Slj__lzg’o(—’y, Ky) C ‘/'(Sli;zm’o(—’y, K) nén suy
ra f: f+Lue Véli;Qm’O(—’y, Ko).
k1
Tuong tu nhu vay ta c6 g; = g; + Bju € V;idkj 2’0(—7,1“).
Ta ching minh réng néu —dg + lo — g < ImAo(t) < =6, + 1o — g VGi
1 < p <M véi moi t thi ham u c6 biéu dién

Ko—1

u= Z rro®Fsp o (Inr) + u,, (3.37)
s=0

trong do u, € V(;lj”g(—% K), Ps p(Inr) la cac da thic ¢6 bac khong vugt qua
Ko+ 0 — 1 va he s6 thuoe khong gian C°4(—v, G,), v6i k, 1a s6 nguyén nhéd
nhat 16n hon —§, + ls — g — ImMg(t) v6i moi t va 0 1a boi rieng 16n nhat cla

Ao(t). Dé chitng minh diéu nay, ta st dung phuong phap quy nap theo o. Khi
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dé tir (3.37), cho ¢ = M thi bd dé dugc chitng minh.
V6i o =1 thi k; = 1. Ap dung B6 dé 3.1, ta ¢6

A Hj—l

w(x,t) = o) Z Z tu; s +w(z,t), (3.38)

7j=1 s=0
s

trong dow € VZQ’ ( v, Koo), Cjis € Lg(—'y,R), Ujs = D

> ol —(In7r)7¢; s—0(w,t).

Do d6 (3.37) ding véi o =1, & d6

Poi(lnr) = Z cjs(t)u; s

la da thic ¢6 bac khong vugt qua 6 — 1.

Tiép theo, ta gia st (3.37) dung dén o véi (1 < o < M —1). Xét cac truong
hgp sau.

Truong hop 1: —,+ 12 —g < ImAp(t) < =6pp1+12 —g v6i moi t. Vi trong
dai —dg + 1o — g < ImA < =61+ 1y — g khong chita cac gia tri riéng cta cac
toan ti tuyén tinh & hé (3.26) - (3.27) v6i moi t nén ap dung Bo dé 3.1 cho bai
toan (3.35) - (3.36) ta c6 u € VZQ’ (—v, Koo ). Béng cach lap lai nhitng 1y luan

trén o lan ta nhan dugc u € VZQ’ 4 (= 'y,K ). Vivay f € ;;1227’0(—7, Koo).

12 2m+j—3,0 "
Vs, \d 20 T) v6i moi j = 0,...,m — 1.

Tuong tu nhu vay ta c¢6 g; €
Vi —0,+ 1y — g < ImAo(t) < =0p41 + 12— g v6i moi ¢ nén ap dung B6 deé 3.1
ta suy ra biéu dién (3.37) ding véi o + 1.

Truong hop 2: —6y + ly — g < Imo(t) < =6, + Iy — g v6i moi t. Ap

dung gia thiét quy nap ta c6 biéu dién (3.37) véi u, € V ( v, Koo ). Dat
Ko—1

Sy(x,t) = Z riro®+sp (Inr), ta c6
s=0

LSQ:AQ—I—RQ, BjSQ:ELQ—{—Fj’Q, ij,...,m—l,
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v6i
FiQ—l K,Q_;,_l—l

A, = Z Z T_MO(t)_2m+S+S/PS’S/7d(1nr) = r‘iko<t)_2m+sﬁs7g(ln ),

5=0 s+s'<kp+1—1

®
I
(e}

Ko—1

RQ _ Z Z T,—z')\o(t)—Qm—l—s—i—s/PS7S/,Q(IH T’),

s=0 s+s8'>Kot1

Ko—1

. . i
Ejo= Z Z p o) m2m s Qs,5,5,0(In7)

s=0 s+s'<kot1—1

Kot+1—1

= D O, (),
s=0

Ko—1

_E: }: —iXo(t)—2m+j+1+s+s’

s=0 s+s'>Kot1
~ s lo—2m,0 N la—2m~+j+3,0 o
Ro rang R, € V52 " (=7, Koo) va Fj, € V- 7y (—v,T') nén ap dung

B6 dé 3.2 ta suy ra ton tai ham v, théa man

Ko+1—1

Vo = Z TMk(tHsﬁs,QH(ln r)

s=0
sao cho

L(t,D)v, = —A,,

Bi(t,D)v, = —E;, j=0,...,m—1.
Trong d6 ﬁ579+1<1n r) ¢6 bac khong vugt qua 6 + k,41 — 1. T (3.37) ta ¢6
L(t, D)uy = fo — Ay,
Bj(t, D)ug = /g\j7g — Ej,ga j = 0, cee, M — 1,

trong d6 f, = f+ (=1)™L'(t, D)uy, — (=1)" Ry, Gj o = g; + B}(t, D)u, — Fj .

Vi vay

—~ lo—2m+f+1.0
Bj(t, D)[up = vo] = Gjo € Vs, a

(=, 1), 7=0,...,m— 1.
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Stt dung B dé 3.1 cho dai phd —&g + o — g < ImAo(t) < —0p41 + 12 — g vii

cha y réing u, — v, € V0 (—v, K), ta nhan dugc

dot1,d
A Kj—].
u, — v, = Mo Z cis(t)uj s + gt (3.39)
7j=1 s=0
T (3.37) va (3.39) ta suy ra
Ko+1
u = Z pAOFsp () + ugy, (3.40)
s=0
~ A Rl ~
trong d6 Py,p11 = Pop + Poor1 + 22 22 ¢is(B)ujs; Popr1 = Psp + Ps ot
=1 s=0
véimois =1,...,kp—1va P py1 = A&QH V6i 8 = Kyq1 — 1. Vi vay biéu dién

(3.37) cang dung cho o + 1.

Truong hop 3: Ton tai tg sao cho ImAg(tg) = —0, +1+2 — g Khong mat
tinh tong quét ta c6 thé coi —6, — e+ Iy — g < ImAo(t) < —0p41 —€+ 12— g
Khi doé lap lai cac chitng minh trong trusng hop 1 va sit dung 1i luan tuong tu

nhu trudng hop 2 ta thu duge (3.37). Vay bo dé duge chitng minh. O

3.3. Biéu dién tiém can nghiém cua bai toan bién khong c6 dieu kién ban

dau doi véi hé Schrodinger trong lan can diém nén

Bay gio ta quay trd lai nghién citu bai toan bién Dirichlet khong c6 diéu kién
ban dau cho hé Schrédinger (1.2)-(1.3). Ta c6 bd dé sau:

Bé6 dé 3.5. Lay vy > (2d+ 1)y, u EI;’“’O (—v, Q) la mot nghiém cia bai todn
(1.2)-(1.3) sao cho u =0 d ngoai Uy, fr € La(—7, Koo), k < d + 2. Hon nita,
gid si rang gid thiét (H) dugc théa man cho ly =lo = 2m va B1 = B, B2 = 3
vdi N = 1, trong dé 3, B la cac soé thuc théa mdn 8> m va 0 < 8" < 8. Khi
do, nghiem w cé biéu dién

k—1

u(z,t) = Z rm oM+ P (In 1) 4 w(a, t), (3.41)
s=0
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trong do w(-,-) € V;,W;’O(—'y, K), Ps(+) la cdc da thic cé bac khong vugt qud
0+ Kk — 1, vdi cdac hé 56 thuoc khong gian C°*%(—v,Gs), k la s6 nguyén nhé
nhat khong vugt qud —f3' + 2m — g — ImMAo(t) vdi moit € R, va 0 la boi riéng

I6n nhat cia gid tri rieng Ao(t).
Chiing minh. Viét lai bai toan (1.2)-(1.3) duéi dang

(—=1)"L(x,t, D)u = F(x,t) trong Q, (3.42)

Bjul|p=0, j=0,...,m—1, (3.43)

trong d6 F' = i(us + f).

Ta sé chiing minh rang F' € V,é(’)f’,od(_% Ky) vau € V;;'ZZ’O(—% Ko), tic 1a
Fu. € Hgio(—’y, Ko), up € Hgm’o(—v, oo) v6i moi k=0, ...,d.
Vi fir € Lo(—v,Kx), K < d+ 2, ap dung Dinh Ii 2.3 ta suy ra v6i moi
k < d thi up € H™(—v, Ky). Tuong tu, do Bo dé 2.1 trong [26], ta c6
upe € H2Z™O(—y, Koo).

Cht ¥ rang, vi f > m nén H2™0(—v, K, ) C H;m’o(—’y,Koo). Vi vay ta
co6u € V;’ZL’O(—% K).

Mit khéc, ta c6 F = i(us + f) € VO()”dO(—'y, K) C V/;),’gl(—'y, K) nén ap
dung Bd dé 3.4 cho bai toan (3.42)-(3.43) ta suy ra biéu dién (3.41). B6 dé

dugc chitng minh. O

Bé dé 3.6. Lay d,l la cdc s6 nguyén khong am va v > (2(d + 1) + 1)yo. Gid
st u Eh;m’o (=7, Q) la mot nghiém cia bai todn (1.2)-(1.3) sao cho u =0 &
ngoai Up, fi € H(l)’o(—fy,Koo), k < d+ 2l + 2. Hon nia, ta gid st rang gid
thiét (H) ding cho cdc s6 1y = 2m,lo =2m +1, f1 = 3, B2 = ' vdi N =1,
trong dé B, B’ la cdc so thuc théa man B> m va 0 < 8 < '. Khi dé, nghiém
u c6 biéu dién

l+rx—1
u(w,t) = Z r o+ p(Inr) 4+ w(z, t), (3.44)
5=0
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trong do w(-,-) € Vz,i'zlill’o(—%Koo), Py(+) la cac da thic cé bac khong vugt
qud 1(0 +2) + 0 + Kk — 1, vdi cdc hé s6 thudc khong gian C°>%—v,Gy), Kk la
50 nguyén nhé nhat khong vuot qud —pB' + 2m — g — ImMg(t) vdi moi t € R,

va 0 la boi rieng I6n nhat cia gid tri rieng Ao(t).

Chatng minh. Ta chiing minh biang phuong phap quy nap theo I. Véi [ = 0, bd
dé duge chitng minh do ap dung Bd dé 3.5. Gia sit rang khang dinh ctia bd dé
nay ding dén [ — 1. Ta sé chitng minh né ciing ding véi [. Xét cac truong hgp
sau:
Trudng hop 1. —B—|—2m—g < Imho(t) < —5'+2m—g—|—l— 1, Vt e R.
St dung gia thiét quy nap ta cé biéu dién sau

I+rx—2
u(z,t) = Z rm 00T P (Inr) 4wy (2, t), (3.45)
s=0

trong d6 uq(-,-) € V%";illii’o(—’y, @), Ps(-) 1a cac da thic c6 bac khong vugt
qua (I —1)(0 +2) + k + 6 — 1, v6i cac he s6 1a cac ham trong khong gian
Coo’d+l_1(—’y, Goo)-

+Kk—2 ) )
Dit S = Y r~Po®+sp (Inr), thi (1.2) duge viét lai & dang sau
s=0
(=1)™L(t,D)uy = Fy + (=1)" "' L(x,t, D)S — iS;, (3.46)

trong d6 Fy = tug+if+(—1)"Ly(x,t, D)uy, L1(z,t, D) = L(t,D)— L(z,t, D).
Mat khac

l+x—1
(-)™ ' L(z,t,D)S —iS; = Fy+ Y _ v~ MO2mEp (Iny), (3.47)
5=0

trong d6 P,(-) 1a da thic ¢6 bac khong vudt qua (I —1)(0+2) + k+ 6 + 1, va

F € Vﬁli?dH(—’y, Ko). Theo Bo dé 3.2, ton tai ham

l+Kk—1
v = Z r=o®M+sp (Inr), (3.48)
s=0
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trong d6 bac ciia da thitc P,(-) khong vudt qua (0 + 2) + k + 6 — 1, sao cho

I+rk—1
(—)™L(E Dy =Y r M®=2mEp (Iny).
s=0
Vi vay ta co
(—1)™L(t, D)(u1 — v) = F3, (3.49)

trong d6 F3 = Fy 4+ F» € Vl}?dH(—% Ko).

Hon nita, tit ddng thitc (6.1.4) trong [39] thi chuan trong khong gian Hgibltll_l (K)

tuong duong véi chuan sau

R 2m4l—1
ol By ey = [ P07 000 0 ) s . (3:50)
0 7=0

Thay v tit (3.48) vao (3.50) va chu y rang tich phan fOR rP(Inr)%dr hoi tu véi

p>-—1,qg>—1,tasuyrav € Vgﬂﬂjﬁ(—% K). Tiép tuc ap dung B6 dé
3.1 v6i chi y rang uq — v € V;ﬁflljdiol(—% K) ta suy ra
A 6-1 s 1
Uy — v = Z Z Z g In? rp; s—o(w,t)e; s(t) + ua(z, t), (3.51)
j=1s=00=0 '

trong do6 up € Véfﬁﬁvo(_%[{m). Tu (3.45), (3.48) va (3.51) suy ra két luan
clia bo dé diang cho [. Theo nguyén li quy nap ta c6 diéu phai ching minh.

Trudng hop 2. —B'+2m—g+l—1 < ImXo(t) < —6'+2m—g+l, Vi € R.

Do Dinh Ii 2.2 v& chitng minh tuong ty [37, Bd dé 3.1], ta suy ra rang véi
k< d4-20 thi up € H20(—v, Ko). Déi —ﬁ—l—?m—g < Im) < —5/+2m—g
khong chita cac diém phd clia b6 toan tit L(A, ) v6i moi t € R. Diéu nay ciing
v6i két qua vé tinh tron clia nghiém ciia bai toan elliptic trong mién c6 diém nén
(ch#ng han xem trong B dé 3.4) ta suy ra uw € Ho(—v, Kxo), k < d + 21.

Bay gio, ta sé chiing minh rang néu f;x € Hé’,o(—’y,Koo), kE<2j+d+2
thi u € Vi) (=7, Kx), j <1 — 1. That vay, khing dinh diing véi j = 0.
Gia st khang dinh ding dén j — 1.
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Do fu € HY V(—y,Kxo), k < 2(j — 1) + (d + 2) + 2, nén theo gi thiét
quy nap tasuy ra véi k < d—+ 20 —j+ 3 thi c6 uu € Hzfnﬂ_l’o(
13 wperr € HEH 70—y K), k< d+20—j+ 2. Ap dung BS dé 3.4 ta ¢

we VI (—. Ks). Do B & 6.1.3 trong [39], u € V2 id,_ (—v, Ku).

-7 Koo)7 tuc

Diéu nay c6 nghia la khang dinh dang véi moi j < [—1. Dac biét, cho j =1—1
ta c6 u € Vz,iréillji’o(—’y, K). Do F € Vl;?dH(—’y, Ko) nén ap dung Bo dé
3.4, ta c6 biéu dién (3.44).

Trudng hgp 3. Ton tai ty sao cho ImAg(tg) = —f' + 2m — g +1-—1.
Khong méat tinh tdng quat ta cé thé gia st — /' +2m — g +l—1—n < ImX(t) <
—ﬁ/+2m—g+l—1—n+1, v6i moi t € R v 0 < 1 < 1. Béing cach st dung
lap luan tuong tu nhu trong truong hop 1 va trudng hop 2, ta cé biéu dién
(3.44). Nhu vay bo dé duge chitng minh hoan toan. d

Két qua chinh ctia chuong nay cé thé phat biéu nhu sau:

Dinh 1i 3.1. Gid st d,l la cdc s6 nguyén khong am, B, la cic s6 thuc
théa man 0 < 8 < B va B > m. Gid thiét rang u 6];’”’0 (—v,Q) la mot
nghiém suy rong cia bai todn (1.2)-(1.3) véi v > (2(d + 1) + 1)yo trong dé
fie € HY'(=7,Q), vdi k < d+ 21+ 2 va gid thiét (H) cho cic s6 1, = 2m,
lo =2m +1, B1 = B, B2 = 8 dugc théa man. Hon nia gid s& rang ton tai

T > 0 sao cho cic diéu kién sau dude théa man:
i ImAi(t) <--- <ImAn(t), t € [-T,T7;

ii. —5—|—2m—g < Im\(t) < —5+2m—g+,u’{ <ImX(t) < -+ < =0+
2m—g+uyv_1 < ImAn(t) < —B/+2m—|—l—g, t € [~o00, ~T) U(T, ool;

iii. ImA;(t) #ImAp(t) +2,2€Z, j#ke{l,...,N},teR.

Khi do ta cé biéu dién sau:

u(z,t) = Z r= i OFsp(Inr) + w(z,t), (3.52)

N l—f—ﬁj—l
j=1 s=0
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2m—+1,0
! d+1

1(0; +2) + kj + 0; — 1, vdi cdc ham hé s6 thudc khong gian C*T (—v, Gy),

trong dé w(-,-) €V, (—7,Q), Ps ;(+) la cdc da thic co bac khong vuot qud
k; la s6 nguyén nhé nhat khong vuot qud —38' + 2m — g — Im\;(t) vdi moi
t € R,j =1,...,N va 6; la boi riéng ldn nhat cia gid tri rieng \;(t) vdi
j=1,....N.

Ching minh. 1. Trudc tién ta xét trudsng hgp u = 0 & ngoai Up.
Do tinh compact ctia doan [T, 7] va tinh lién tuc ctia cac ham A;(t) trén
R, khong mat tinh tong quat, ta co thé gid st ton tai cac hing s6 khong am

P1s fh2; - -+ iN—1 S20 cho

—B+2m—g<Im/\1(t)<—B+2m—g—|—,u1<1m/\2(t)

n n
<—5+2m—§+u2<-~<—5+2m—§+,uzv_1

< Imiy(t) < =B +2m+1— g te[-T,T].

Dé chitng minh dinh li, ta st dung phuong phap quy nap theo N. V6i N =1
khéng dinh ctia dinh 1i ding do Bo dé 3.6. Gia stt ring khang dinh ctia dinh 1i
dtng dén N — 1.

Dat ug = max{pun_1,1%_1}, lo = [uf — B+ B']. Khong mat tinh tong quat
ta c6 thé gid st 0 < lg < I. Khi d6 =B+ pu§ = —B" + 1o+ 6,6 € [0,1). Dat
By = B — 6, khi d6 dai —3 + 2m — g < Im\ < —B1+2m—g+lo chita ding
N — 1 gia tri rieng, do gia thiét quy nap nén u théa man bicu dién sau

N—-1lo+k;—1

u(a,t) =Y Y v NOTP () + (2, t), (3.53)
j=1 =0

trong do6 uy € VQ,?ZZ:ZIZ’O(—% K ), Ps; 1a cac da thic c6 bac khong vugt qua
lo(0; +2) + k; +0; — 1 v6i cac he s6 thuoce khong gian C>9Ho(—y G ). Lap
luan tuong tu nhu trong ching minh truong hop 1 ctia B6 dé 3.6, ta suy ra
néu — By +2m+ 1y — g <ImAn(t) < —Br+2m+1 +1— g véi ly <1y <,

thi c6 bieu dién (3.52) trong d6 w € Vi%illllfl’o(—% Ko).
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S

Viddi By 2m 1 o < Imd < —ﬁ’+2m+Z—g khong
chita gia tri rieng ndo ciia toan ti U(\,¢) nén ta c6 bicu dién (3.52) vdi
w e VQ,T’ZJ'J;ZZ’O(—’)/, K).

Néu ton tai tg € R sao cho ImAn(tg) = —B1 +2m + 11 — g, bang cach lap
lai céc lap luan trong truong hop 3 trong chiing minh Bé dé 3.6 ta thu dudc
cong thic (3.52).

2. Trudng hop tong quat: Xét ham ¢y € C5°(Uy) sao cho ¢p = 1 trong mot

lan can cta goc toa do 0. Ta dinh nghia ham ug = pgu, théa man hé sau
(=)™ YiL(x,t, D)ug — (ug)s = pof + L'(x,t, D)u,

trong d6 L'(z,t, D) la toan ti tuyén tinh bac khong vugt qua 2m, véi cac he
s6 clia toan 1t nay phu thudc vao céch chon ham o va bing 0 & ngoai Up..
Cac ham ug va ]?: wof + L'(z,t, D)u thoa man cac gid thiét ¢ truong hop 1,
vi vy ug c6 biéu dién dang (3.52).

Mzt khéac, néu ta ki hieu u; = (1 — ¢o)u, thi u; bang 0 trong mot lan
can ctia diém noén. St dung cac két qua vé tinh tron ctia nghiém ctia bai toan
elliptic trong mién tron, ta c6 thé két luan rang (uj); € HET”“LZ(Q) v moi
k < d+1 va hau khap t. Vi vay u = ug + u; ciing thda méan biéu dién (3.52).
Dinh li duge chitng minh. L]

3.4. Cac vi du ap dung

Trong phan nay, chiing t6i xét bai toan bién Dirichlet cho phuong trinh Schrodinger
cap hai hai bién tdng quét trong mién goc. Tt d6, ching toi chi ra mot vi du
cu thé ma & do céc gia tri rieng ciia b toan tit 4 phu thudc tusng minh vao
bién thoi gian t. Va cudi cing, nhu mot truong hgp dic biét, ching toi quay

tré lai xét phuong trinh Schrodinger trong co hoc lugng ti.
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3.4.1. Vidul

O vi du nay, ching toi xét bai todn bién mau cho toan ti cAp hai trong mién
goc. Xét mién goc K = {z = (z1,22) € R?* : 7 >0, 0 < w < wo}, § day (r,w)
14 toa cic trong mit phang ciia diém z = (z1,22) va 0 < wy < 27.

Dat S ={zeR?:r>0,w=0} S'={zeR?®:r>0,w=uwy} va dit
SI =8I xR, j=0,1. V6i mdi da chi s6 a = (a1, az), ta ki hieu ag +as = |
va 02 = 9l joc1 922,

Trong muc nay, chiing t6i xét bai toan sau
tLu —uy = f trong Ko, (3.54)
véi dieu kién bién Dirichlet
ulg =0, j=0,1, (3.55)

6d6 L = L(x,t,0,) = Zik:l a0z, 0z, 12 toan tit elliptic thuan nhat cap hai
tu lien hgp hinh thic trong K véi aji(t) = ag;(t) 1a cac ham xac dinh trong

R. Hon nita, gia st rang bat dang thic sau dude théa man

2
> a(t)nme > palnl?, (3.56)
J7k:1

v6i moi n = (n1,m2) € C?, t € R, trong d6 p; 1a mot hing s6 duong. Phan

chinh ctia toan ti L tai gbc toa do O c6 dang

2
L(t,05) =Y jkO,0u,.

jk=1
Tu diéu kien (3.56) ta suy ra rang ton tai hing s ps sao cho aj;(t) > pe véi
moi t € R. Do d6, ta c6 thé gid st asa(t) = 1 va khi d6 ta bieu dién toan tit £
6 dang
L= (8062 _ a(t)aﬂcl)(aaCQ o a(t)aw1)7 (357)
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trong d6 a(t) = a(t) +i5(t), va a(t), B(t) 1a cac ham thyc trén R, 5(t) > p3
v6i moi t va ps 1a mot hing s6 duong. Tap phd clia cac toan ti tuyén tinh

trong hé (3.1)-(3.2) trong trudsng hgp nay trd thanh

L(w,t,\,Dy,)u = f, trong Ko, (3.58)
U |weo= 0, (3.59)
u |w:w0: 07 (360)

trong do6

L(w,t,\, D) = ((— sinw + a(t) cosw)iX + (cosw + a(t) sin w)@w)

((— sinw + a(t) cosw)i + (cosw + a(t) sin w)@w). (3.61)

Va b6 toan tit tuong tng véi bai toan (3.58)-(3.60) trong trusng hop nay duge
xac dinh béi

SN 1) = (L(w, t, N, D), 1,1).

Néu A = 0 thi u; = 1 v us = w 1& hai nghiém doc 1ap tuyén tinh ctia phuong
trinh (3.58). Do vay, néu nghiém tong quit u = c1(t)u; + ca(t)us cia (3.59)
thoa man diéu kien (3.60) thi ta ¢6 c1(t) = c2(t) = 0. Do d6 A = 0 khong la
gi4 tri rieng ciia toadn t 4 véi moi t. Néu A # 0 thi ta dé& dang kiém tra duge

vi(w,t) = e M@y (W, 1) = 7MW, (3.62)

14 hai nghiém doc 1ap tuyén tinh clia phuong trinh (3.58), trong d6

—sinw + a(t) cos w (3.63)

cosw + a(t)sinw

Hw, t) = /((G,t)dG, C(w,t) =

Do dé nghiém tong quét ciia phuong trinh nay 1a u = c;(t)vy + co(t)ve. Tit
(3.59)-(3.60), néu A 1a mot gia tri rieng ctia b6 toan tit 4 thi A phai théa man
phuong trinh sau

D(\t) = -] _ omidd(wo.t) — (3.64)
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Vi vay
62)\]77119((4}0,75) = 1. (365)
Mat khac,
1. Z*w,t)+1 ¢
Red(w,t) = = 1In —(c;, )+ +In S|
2  tan“w+1 \/a2 ) + B2(t)
( a(t) s
arctan Z(w,t) — arctan —=, w € (0, =|;
(.1 o @3]
t 3
Imi(w,t) = ¢ arctan Z(w,t) — arctan % + 27, w € (g, ;],
a(t) 3
arctan Z(w,t) — arctan —= 4+ 4w, w € (—, 27),
\ . 500 32
a?(t) + B(t) a(t) ;
trong d6 Z(w,t) = tanw + ——=. Cha y rang Imv(w,t) > 0 v6i
0 = ""50) 50 0
moi w € (0,27) v moi t. Vi vay céc nghiém cta phuong trinh (3.65) 1a
Mo(l) = — T ez {0} (3.66)
P Imd (wo, t) ' '

Day ciing chinh 1a tat ca cac gia tri rieng ctia b6 toan ti U(\, ). V6i mdi t € R
c6 dinh, ta co

D) Irmry o = MO, 1) — MO0, )

= MO0, )6 (wot) (¢ (1 1) — ¢ (wo, t))
/B(t)e)\k (t)¥(wo,t)

= — — 0.
(coswp + a(t) sinwp)(cos wp + a(t) sin wy) #

Vi vay ap dung Bo dé 3.1.1 va Bo dé 3.1.2 trong [40], ta suy ra véi moi
k € Z\ {0}, thi cac gia tri riéng A\, (t) 1a cac gia tri rieng don cta b6 toan ti
(A, t). V6i moi gia tri rieng A\, (¢), chon ¢1(t) = %, co(t) = —% thi vecto riéng
tuong tng véi gia tri rieng Ax(t) 1a

kRed(w,t)m

l(e—ukﬂ(w,t)+€—7;Akz9(w,t)) _ o Imi(w,t) EImd(w,t)m

or(t) = 5 sin T D)

Tong hop cac két qua tinh toan & trén, ta c6 ménh dé sau:
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Meénh dé 3.1. Gid st u(x,t) la nghiém cia bai todn (3.54)-(3.55) vdi todn
it vi phan L c6 phan chinh tai goc toa do biéu dién ¢ dang (3.57), trong dé
ham a(t) gidi tich. Gid st fp € H(l)’o(—% Q) vdi k < d, cic duong thdang

ImA =0, ImA = 1 khong chia cic ham gia tri riéng ciua bo todan ti U va

trong ddi 0 < Im\ < 1 ¢6 cic ham gid tri riéng don A\ (t),...,An(t) cia bai
todn (8.58)-(3.60) vdi moit. Khi dé ta cé biéu dién sau:
N Hj—].
u(z,t) = Z Z r= 2O+ p o (Inr) + w(z, t), (3.67)
j=1 s=0

trong doé w(-,-) € Voz’do(—'y, Q), Psj la cic da thic cé bac khong vugt qud kj,
vdi cdc ham hé so thuoc khong gian C°*%(—v,Gw), k; la s6 nguyén nhé nhat

khong vuot qua 1 — ImA;(t) vdi moit € R, j=1,...,N.
3.4.2. Vidu?2

Trong muc nay, sit dung két qua tinh toan trong muc 3.4.1., chiing toi dua ra
mot truong hgp dac biét khi cac gia tri riéng ciia cac toan tit tuyén tinh dugc

xét phu thuoc thie syt vao bién thoi gian t.
wo

t
Wiy ewp arctan o(t)

. 3
Ly wo € (g,zw),a(t) =0,4(t) = o , >0 dt nhd
sao cho B(t) > p3 > 0 va o(t) dudc chon sao cho |a’(t)| = o(e*7?) khi t — —o0.
Khi do
ik
Ai(t) = T 4 jkme arctan o(t). (3.68)
wo

—T T 2m . ) ) y-
Vi— <0< — <1< — , nén ta c6 the chon ¢ > 0 di nhd sao cho dai
wo wo Wo

v

0 < ImA <1 chi chita ding mot gia tri rieng \y = — + imearctan o(t) va gia
wo

tri rieng nay khong ndm trén cac duong thing ImA = 0, ImA = 1 v6i moi

t € R. Khi d6, ap dung Dinh 1i 3.1, ta c6 ménh dé sau:

Meénh dé 3.2. Lay fix € Lo(—7,R) vdi 0 < k < d + 2 va u la mot nghiém
suy rong ctia bai todn (3.54)-(3.55). Khi dé, ta cé biéu dién

u($7t) _ Crw/wo—kﬂearctana(t) +u1(:r;,t),
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trong dé u; € V027’d0(—'y, Q) va c € C*4—v,Gy).
3.4.3. Vidu3

Trong muc nay, ching t6i xét mo hinh toan hoc cho phuong trinh Schrodinger
nhu sau:

iAu —uy = f trong Q, (3.69)
v6i diéu kién bién Dirichlet
Khi chuyén sang toa do cuc (r,w) trong R™, ta viét lai toan ti Laplace & dang
sau
9? n—-10 1
A=— — +t =
or? + r or + r2

trong dé A, 1a toan tit Laplace-Beltrami trén mit cau S™~'. Khi dé, tap phd

Ay, (3.71)

clia cac toan ti tuyén tinh tuong tng sé 1

Ao+ (IN)? 4+i(2—n)dv =0, w € G, (3.72)

v |8G: 0. (3.73)

Véi n = 2. Gia sit rang trong mot 1an can cia goc toa do, I trung véi goc co
do 16n 1a wp. Khi dé tap pho clia cac toan tit tuyén tinh trong hé (3.72)-(3.73)

c6 dang

Vow — N0 =0, 0 < w < wo, (3.74)

v(0) = v(wp) = 0. (3.75)

Tap pho clia cic toan ti tuyén tinh trong hé nay c6 cac gia tri rieng don la
tkm kmw

A = —, k € Z\ {0} va céc vecto riéng tuong tng la ¢ (w) = sin —. Ta
wo wo

xét cac truong hop sau.

Truong hop 1. 0 < wy < w. Dai 0 < ImA < 1 khong chita gia tri riéng nao cta
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tap phd clia cac toan tit tuyén tinh trong he (3.74)-(3.75). Ap dung Dinh li
2.4, ta suy ra u € H3 (-, Q).
Truong hop 2. 7 < wy < 2mw. Khi do, dai 0 < ImA < 1 c¢6 ding mot gia tri
riéng A\ = T gi4 tri rieng nay khong ndm trén cic dudng thang Im\ =
wo

0, ImA = 1. Stt dung Dinh 1 3.1, néu fix € La(—7,R) v6i 0 < k < 3 thi khi
dé6 nghiém u(z,t) clia bai toan (3.69)-(3.70) théa man biéu dién sau

w(z,t) = ()™ sin =2 4 uy(x, 1), (3.76)

wo

trong d6 (u1)w € Ho' (=7, Q) va ¢ € Lo(—,R) véi k < 1.
Ki hiéu

. w0 1 Tw O
Dy =sin —— + —cos ——.
wo Or r wo Ow
Thi ﬂ7“1_77/‘*’0D1u = c(t) + c1(x,t), trong do6 c1(z,t) = Cﬂrl_w/”ODlul.
T

Viue Hl’o(_’Ya Q)a

/ ey (z, t)[Pe ™ dadt < C’/ r2A=m/wo)| Dy u|2e =2 ddt
Q Q

< 01/ | Du|?e” " dxdt < oo, (3.77)
Q

trong d6 C, C 1a cac hing s6 duong.
Do két qué vé tinh chinh quy theo bién thdoi gian ctia nghiém nén ta cé thé

két luan u; € HYO(—v,Q), vi vay
/ P2 /w0)) (1), [Pe 2 dadt < C/ | Dyug|*e™ " dadt
Q Q
< C’/ | Duy |22 dadt < oo. (3.78)
Q
Viuy € H(—v,Q) néen

/ r2(_1+”/‘”°)|D01]2e_27tda:dt < C’/ (r_lDlul + DD1u1)2e_27tdxdt
Q Q

2
<C Z / r2Ue1=2)| Doy, |22 drdt < 0. (3.79)
Q

|| =1
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Do (3.77), (3.78) va (3.79), ta c6

2. / —ltm /ool =D | DO (¢; ) [2e 2T dadt + / jer[Pe™ " ddt < oo.
|| +k=1 N

Diéu nay dan dén ¢; € V1 Lt jwo (7 @)- Do Bo6 dé 2 trong [37] nén ton tai
ham ¢ € V. /wO( v, Q) sao cho

lléxl]v2

7 /wo

(—7,Q) < C||Cl||v—11+w/wo(_’va)+/Q T2(—2+W/w0)|cl—él|2@_2’ytd$dt < 00,
(3.80)
trong d6 C' > 0. Vi vay tu (3.76) va (3.79), ta co

w(x,t) = é1(z, £)r™ 0 sin ™4 us(x,t),
wo

trong d6 ug(x,t) = uy(x,t) + r7/<0(c(x,t) — é1(z,t)) sin ™ ¢ HZ(—,Q).
Wo

Tong két lai cac két qua trén, ta c6 ménh dé sau:

Meénh dé 3.3. Gid st fir € Lo(—7,R) vdi 0 < k < 3 va u la mot nghiém ciia
bai todn (3.69)-(3.70) vdin = 2. Ta co
o néuwy < thhu € HZ(—v,Q)
o néuwy > thi
w(x,t) = c(x, t)r™“° sin % + uq (z, t),

trong dé c € Vﬁ/wo( v, Q) va uy € HE(—, Q).

Voin = 3. Gid st k; 1a cac gia tri rieng clia cdc toan tt tuyén tinh bien

Dirichlet cho phuong trinh
—A,v+kv=0, weaq,
tI‘OIlgdéO<ki1 Sk’zgkg S Khi do

No=i(—=— /> +k),j=1,23,...

N =i(—=+1/=+k), j=1,23,...
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14 cac gia tri rieng clia cac toan ti tuyén tinh & he (3.72)-(3.73) vdi cac vecto
rieng tuong tng la v}, v;. Ta xét cac truong hop sau:

Truong hop 1. Néu ImA\; > % thi dai —% < Im) < % sé¢ khong chita gia
tri riéng nao cia bai toan (3.72)-(3.73). Khi d6, ap dung Dinh li 2.4, ta suy ra
u € Hj (=7, Q).

Truong hop 2. Néu Im\; < % Giad st A1, Ao, ..., Ay, la cac gia tri rieng
ctia bai toan (3.72)-(3.73) théa man

1 1
~5 <ImMh <---<ImAn, < 3
(i) Néu khong c6 gia tri rieng ndo clia bai todn (3.72)-(3.73) nam trén duong

2 1 2 ~
thang Im\ = 5 thi st dung Dinh 1i 3.1, ta c6 bieu dién sau

No
u(a,t) =Y ¢ (Or’mN P (w, t) + u(x, ), (3.81)

trong d6 ®; la cac ham tron theo w, ¢; € La(—7,Q) v6i j = 1,..., Ny va
ug € Hy' (=7, Q).
Xét mién

Qp:{azEQ:%p<|m|<2p},
trong d6 p > 0 di nho sao cho bién ctia mién € trung v6i nén K. Ta dit
v(z!,t) = uo(pz’,t). Do ug € Hy’(—v, Q) neén sit dung cac dinh 1i nhing cho
mien K' = {2/ € K : % < |2'| < 2} thi

lu(z’,t)]? < C/ (v + |grad v|* + Z |D*v|*)dx’,

’
lov|=2

véi C' 1a hing s6. Thé x = pa’ vao bat ding thic nay ta thu duge

o) <O [ (534 5 arad ol 4 p 3 D w2
Qe
|a|=2
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Diéu nay dan dén

p Hug(x, t)|* < Cl/ (r~*ug + r~?|grad ue|® + Z |D%uo|*)dz
Qe
|e|=2

< Caluollzzz 0y < Csll L0

trong d6 C1, Co, O3 13 cac hing s6 duong.
V6i |z| = p ta 6 |ug(x,t)] < Crz, trong d6 C 1a mot hing s6. T day va tir
danh gia (3.81), ta dugc |u(z,t)| < CrimAM C = const.

. 1
(ii)) Néu Im Ay, = 2’ chon € > 0 sao cho

1 1
—§<Im>\1<"'<lm)\]v0§§+€.

Tuwong ti truong hap (i) ta c6 |u(x,t)] < Crim™M | C 1a mot hing sb.

Nhu vay ta c6 ménh dé sau:

Meénh dé 3.4. Liy fi € Lo(—7,R) v6i 0 < k < 3 va u la mot nghiém suy
rong cia bai todn (3.69)-(3.70) vdin = 3. Khi do

ju(x, t)| < Cri™* C la hing so.

Voin > 3. Dai 1 — g < ImA(t) <2— g khong chita gié tri riéng nao cia
bai toan (3.72)-(3.73) (xem trong [14], trang 289). Do d6, dp dung Dinh 1i 2.4
ta suy ra u € HZ(—, Q).

Meénh dé 3.5. Liy fi € Lo(—,R) v6i 0 < k < 3 va u la mot nghiém suy
rong cia bai todn (3.69)-(3.70) vdin > 3. Khi dé u € H3(—, Q).

3.5. Két luan Chuong 3

Trong chuong nay, ching t6i nghién citu biéu dién tiém can nghiém trong

lan can cta diem nén. Céac két qua dat duge bao gom:
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e Cong thitc biéu dién tiém can nghiém trong lan can ctia diém noén (3.52).
Cac két qua da c6 vé biéu dién tiem can nghiém trong lan can ctia diém
noén doéi v6i bai toan bien ban dau cho hé phuong trinh Schrodinger (xem
trong [23], [26], [31]) can yéu cau céac gia tri rieng clia bo toan ti U la
don hoac ban don. Tuy nhién & day ching toi van c6 dudce cong thiic biéu
dién nghiém tuong ti ma chi yéu cau cac gia tri riéng nay théa man diéu

kién yéu hon (diéu kien (H)).

e Xét bai toan bién Dirichlet cho phuong trinh Schrédinger cap hai hai
bién tong quét trong mién géc. Tt d6, ching toi chi ra mot vi du cu thé
ma & do cac gia tri rieng cua bd toan tit U phu thudc tuong minh vao
bién thoi gian ¢t. Va cudi cing, nhu mot trudng hop dac biét ching toi

quay trd lai xét phuong trinh Schrodinger trong co hoc lugng tik.

e Trong truong hgp dac biét, khi xét bai toan bién cho phuong trinh
Schrodinger trong co hoc lugng tit, két qua thu duge cho thay, khi géc
mé wp cang nho thi tinh tron ciia nghiém cang tot. Diéu nay trai véi cdm

nhan thong thuong ciia chung ta.



KET LUAN

Luan an nghién cttu vé bai toan bién thit nhat khong cé diéu kien ban dau déi

v6i hé phuong trinh Schrédinger tong quat trong mién khong tron. Céc két

qua chinh cta luan an la:

1)

Xay dung dugdc dinh nghia nghiém suy rong phu hgp, tit d6 chiing minh
dugc s ton tai duy nhat nghiém trong khong gian Sobolev I; M0 (—~,Q)
va thiét 1ap dudc wde luong tién nghiem. Chd ¥y rang, mic du khong c6
diéu kien ban dau, nhung bang cach xay dung khong gian nghiém, khong
gian ham thi va diéu kién phl hgp ciia ngoai Iyc f, chiing to6i van nhan

duge két qua vé sy duy nhat nghiem.

Chitng minh dugc tinh chinh quy theo bién thoi gian ¢ trong khong gian
If ™m0 (—~, Q) ctia nghiém suy rong chi phu thude vio tinh tron theo bién
thoi gian clia vé phai va cac hé s6 ma khong phu thuoc vao tinh tron cia
bién ctia mién dang xét. Bén canh do6, khi gid sit cAc hé s clia toan ti L
la kha vi vo han trong @ thi ching t6i ciing ching minh duge tinh chinh
quy theo bién khong gian va tinh chinh quy theo ci hai bién. Két qua
thu dugc cho thiy, trong khi tinh chinh quy theo bién khong gian chi
phu thudc vao tinh tron ctia vé phai ctia hé dang xét thi tinh chinh quy
theo ca hai bién phu thudc ca vao pho clia bai toan pho tuong tng, tic
13 phu thuoc vao do tron ciia bién ctia mién. Phuong phap duge ching
toi sit dung d6 1a danh gia do tron ciia nghiém ctia bai toan c6 dieu kién
ban dau ¢t = h, sau d6 tién qua giéi han khi h — —oo dé dat dugc tinh

tron clia nghiém clia bai toan khong c6 dieu kién ban dau. Mac du da
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c6 cac két qua veé tinh tron ctia nghiém ciia bai toan c6é diéu kién ban
dau t = 0 nhung ching toi khong thé ap dung cac két qua da c6 béi vi
trong cac két qua do, khi thoi diém ban dau ¢ = h thay ddi thi cac hing
s6 C trong cac udc luong tién nghiém ciing thay déi theo. Do d6 ching
toi phai xay dung lai cac danh gid dé dam bao C doc lap véi h dé cé thé

qua gidi han cac w6c lugng do khi h — —oc.

3) Thiét lap dugc biéu dién tiém can nghiém ciia bai toan khong c6 dicu
kien ban dau cho hé phuong trinh Schrodinger trong lan can diém ki di
clia bién. Biéu dién nay ciing tuong tu nhu biéu dién tiém can nghiém
clia bai toan c6 diéu kien ban dau cho hé Schrodinger ma ta da biét trude
do6, mac du ching t6i chi yéu cau diéu kién yéu hon ctia phd ciia b toan

t U (diéu kien (H)).
Cac ki thuat vd phuong phép dudc st dung trong luan an c6 thé 4p dung dé
nghién citu bai toan bién khong c6 diéu kién ban dau déi véi cac hé khong

dirng tuong tu.



KIEN NGHI MOT SO HUGNG NGHIEN CUU TIEP THEO

Tiép theo cac két qua cia luan an tic gid thay c6 mot s6 van dé can dugc tiép
tuc nghién cttu la:

- Nghién citu cic bai toan khong cé gia tri ban dau cho mot s6 16p phuong
trinh, hé phuong trinh vi phan tién héa khac, chang han phuong hé phuong
trinh parabolic, hyperbolic.

- Nghién citu tinh chinh quy va biéu dién tiém can ctia nghiém suy rong
clia bai toan trong cédc mieén khong tron khac nhu mién c6 canh, mién cé goéc
nhi dién,...

- Nghién citu bai todn trong cdc khong gian Sobolev vé6i chuan L, véi

1<p#2.



DANH MUC CONG TRINH

1) N. M. Hung, N. T. Lien (2013), "On the solvability of the boundary value
problem without initial condition for Schrodinger systems in infinite

cylinders", Boundary Value Problems, Vol. 2013, Article ID 2013:156,

pp. 1-9.

2) N. M. Hung, N. T. Lien (2014), "On the regularity of solutions of the
boundary value problem without initial condition for Schrédinger sys-

tems in domain with conical points", Boundary Value Problems, Vol.

2014, Article ID 2014:181, pp. 1-12.

3) N. M. Hung, N. T. Lien (2016), "On the asymptotic formulas of solutions
to the boundary value problem without initial condition for Schrédinger
systems in domain with conical points", Nonlinear Anal., Vol. 130, pp.

18-30.



1]
2]

3]

88

Tai liéu tham khao

V. V. Hung (2008), Co hoc lugng tif, Nha xuat ban Dai hoc Su pham.
R. A. Adams (1975), Sobolev Spaces, Academic Press, San Diego.

N. T. Anh, N. M. Hung (2009), "Asymptotic formulas for solution of
parameter-depending elliptic boundary-value problems in domains with

conical points", FElectron. J. Differential Equations, No. 15, pp. 1-21.

T. M. Balabushenko, S. D. Ivasyshen (2002), "Properties of solutions
%

to 2 b -parabolic systems in domains unbounded with respect to time

variable", Mat. Metody Fiz.-Mech. Polya, Vol. 45(4), pp. 19-26, (in

Ukrainian).

N. M. Bokalo (1990), "Problems without initial conditions for classes of
nonlinear parabolic equations", J. Sov. Math., Vol. 51(3), pp. 2291-2322.

N. M. Bokalo (1994), "Energy estimates for solutions and unique solvabil-
ity of the Fourier problem for linear and quasilinear parabolic equations",

Differential Equations, Vol. 30(8), pp. 1226- 1234.

N. M. Bokalo (1996), "On the well-posedness of the Fourier problem for
a system of equations of nonstationary filtration type without conditions

at infinity", Math. Stud., Vol. 6, pp. 85-98.

N. M. Bokalo (1996), "Boundary value problem for semilinear parabolic
equations in unbounded domains without conditions at infinity", Sib.

Math. J. , Vol. 37, pp. 860-867.



9]

[10]

[12]

[13]

[14]

[15]

[16]

89

N. M. Bokalo, V. M. Dmytriv (2000), "A Fourier problem for quasilinear
parabolic equations of arbitrary order in noncylindric domains", Math.

Stud., Vol. 14(2), pp. 175-188.

N. M. Bokalo, V. M. Dmytriv (2001), "The Fourier problem for a coupled
diffusion system with functionals", Ukrainian Math. J., Vol. 53(11), pp.
1784-1800.

V. M. Dmytriv ( 2001), "On a Fourier problem for coupled evolution
system of equations with time delays", Mat. Stud., Vol. 16(2), pp. 141-
156.

N. M. Bokalo, V. M. Dmytriv (2002), "The Fourier problem for parabolic
equations with a nonlocal boundary condition", Mat. Met. Fiz. - Mekh.

Polya, Vol. 45(1), pp. 105-112.

N. M. Bokalo, A. Lorenzi (2009), "Linear first - order evolution problems
without initial conditions", Milan J. Math., Vol. 77, pp. 437-494.

N. M. Bokalo, V. M. Sikorsky (2008), "Problems without initial condi-
tions for degenerate implicit evolution equations", Electron. J. Differential

FEquations, No. 04, pp. 1-16.

O. M. Bubhrii, S. P. Lavrenyuk (2001), "On a parabolic variational inequal-
ity that generalizes the equation of polytropic filtration", Ukr. Math. J.,
Vol. 53(7), pp. 1027-1042.

R. Dautray, J. L. Lions (1990), Mathematical Analysis and Numerical
Methods for Science and Technology, Vol. 1-3-5, Springer - Verlag, Berlin
- New York.

Yu. B. Dmytryshyn (2009), "A problem without initial conditions for lin-
ear and almost linear operator differential equation", Ukr. Mat. Zh., Vol.

61(3), pp. 322-332.



18]

[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

90

G. P. Domans’ka, M. O. Kolin’ko, S. P. Lavrenyuk (2006), "A problem
without initial conditions for a pseudoparabolic equation in generalized

Lebesgue spaces", Mat. Stud. , Vol. 25(1), pp. 73-86.

G. Eskin (1992), "The wave equation in a wedge with general boundary
conditions", Comm. Partial Differential Equations, 17(1-2), pp. 99-160.

G. Fichera (1974), Ezistence Theorems in Elasticity Theory, Mir, Moscow,

(in Russian).

N. I. Guzil’, S.P. Larvenyuk (2004), "A problem without initial conditions
for a first-order hyperbolic system", Mat. Met. Fiz. -Mekh. Polya, Vol.
47(2), pp. 770-777.

N. M. Hung (1998), "The first initial boundary value problem for
Schrédinger systems in nonsmooth domains", Differ. Uravn., Vol. 34 ,pp.

1546-1556. (in Russian).

N. M. Hung, C. T. Anh (2004), "On the solvability of the first initial
boundary value problem for Schrodinger systems in infinite cylinders" ,

Vietnam J. Math., 32(1), pp. 41- 48.

N. M. Hung, C. T. Anh (2005), "On the smoothness of solutions of the
first initial boundary value problem for Schrodinger systems in domains

with conical points", Vietnam J. Math., 33(2), pp. 135 - 147.

N. M. Hung, C. T. Anh (2006), "On the smoothness of solutions of the
first initial boundary value problem for Schrodinger systems in infinite

cylinders", South. Asian Bull. Math., 30: 3 (2006), pp. 461 - 471.

N. M. Hung, C. T. Anh (2009), "Asymptotic expansions of solutions of
the first initial boundary value problem for the Schrodinger systems in
domains with conical points 11", Ukrainian Math. J., Vol. 61(12), pp.
1640-1659.



[27]

28]

[29]

[30]

31]

32]

33]

[34]

91

N. M. Hung, N. T. Anh (2013), "On initial boundary value problems for
hyperbolic equations in domains with conical points", Abstr. Appl. Anal.,

Vol. 2013 (2013), Article ID 801314, pp. 1-10.

N. M. Hung, N. T. Lien (2013), "On the solvability of the boundary value
problem without initial condition for Schrédinger systems in infinite cylin-

ders", Bound. Value Probl., Vol. 2013, Article ID 2013:156, pp. 1-9.

N. M. Hung, N. T. K. Son (2008), "Existence and smoothness of solu-
tions to second initial boundary value problems for Schrodinger systems
in cylinders with non-smooth bases", FElectron. J. Differential Fquations,

Vol. 2008(2008), No.35, pp. 1-14.

N. M. Hung, N. T. K. Son (2009), "On the regularity of solution of the
second initial boundary value problem for Schrodinger systems in domains
with conical points", Taiwan. J. Math., Vol. 13, No. 6B, December 2009,
pp. 1885-1907.

N. M. Hung, H. V. Long, N. T. K. Son (2013), "Second initial boundary
value problem for strongly Schrodinger systems in cylinders with nons-

mooth bases", Appl. Math., 58:1 (2013), pp. 63-91

S. D. Ivasyshen (1978), "Corect solvability of certain parabolic boundary
value problems without initial conditions", Differential Equations, 14, pp.

254-255.

S. D. Ivasyshen (1983), "Parabolic boundary-value problems without ini-
tial conditions", Ukrainian Math. J., 34, pp. 73-84.

T. Kato (1952), "On the pertubation theory of closed linear operators",
J. Math. Soc. Japan , 4 (3-4), pp. 323-337.



[35]

[36]

37]

38]

[39]

[40]

[41]

92

V. M. Kirilich, A. D. Myshkis (1992), "A boundary value problem without
initial conditions for a linear one-dimensional system of hyperbolic type

equations", Differential Equations, Vol. 28(3), pp. 393-399.

M. O. Kolin’ko, S. P. Lavrenyuk (1996), "The Fourier problem for an
evolution system with the second time derivative", Mat. Stud., Vol. 6, pp.

73-84.

V. G. Kondratiev (1997), "Singuarities of solutions of Dirichlet problem
for second-order elliptic equations in a neighborhood of edges", Differ.

Equ., Vol. 13, pp. 2026-2032 (in Russian).

V. A. Kondratiev, O. A. Oleinik (1967), "Boundary value problems for
elliptic equations in domain with conic or corner points", Tr. Mosk. Mat.

Obs. , Vol. 16 (1967), pp. 209-292.

V. A. Kozlov, V. G. Maz’ya, J. Rossmann (1997), Elliptic Boundary Value
Problems in Domains with Point Singularities, Vol. 52 of Mathematical
surveys and monographs, American Mathematical Society, Providence,

RI, USA.

V. A. Kozlov, V. G. Maz’ya, J. Rossmann (2001), Spectral Problems Asso-
ciated with Corner Singuarities of Solutions to Elliptic Equations, Vol. 85

of Mathematical surveys and monographs, American Mathematical Soci-

ety, Providence, RI, USA.

A. Yu. Kokotov, B. A. Plamenevskii (2005), "On asymptotics of solu-
tions of the Neumann problem for hyperbolic systems in domains with
conical points", Algebra i Analiz, No. 3(16), 56-98; English translation:
St. Petersburg Math. J. , Vol. 16 (3), pp. 477-507.

Z. Hu (2005), "Boundedness and Stepanov’s almost periodicity of solu-
tions", Flectron. J. Differential Equations, No. 35, pp. 1-7.



[43]

[44]

[46]

[47]

[48]

93

S. P. Lavrenyuk (1995), "A problem without initial conditions for an evo-
lution system with a second time derivative", Dopov. Nats. Akad. Nauk

Ukraine, No. 7, pp. 8-11.

S. P. Lavrenyuk, M. O. Kolin’ko (1998), "The problem without initial data
for linear Sobolev- Hal'pern system", Demonstratio Math., Vol. 31(1), pp.
25-32.

S. P. Lavrenyuk, N. Protsakh (2007), "A boundary value problem for
nonlinear ultra-parabolic equation in a domain unbounded with respect

to time variable", Tatra Mt. Math. Pull., Vol. 38, pp. 131-146.

S. P. Lavrenyuk, M. B. Ptashnik (2000), "A problem without initial con-
ditions for a nonlinear pseudoparabolic system", Diff. Fqua., Vol. 36(5),
pp. 739-748.

S. P. Lavrenyuk, M. A. Oliskevich (2014), "A problem without initial
conditions for a first order degenerate hyperbolic system", Ukr. Math.,

Vol. 1(2), pp. 221-235.

N. T. Lien, N. M. Hung (2014), "On the regularity of solutions of the
boundary value problem without initial condition for Schrodinger systems

in domain with conical points", Bound. Value Probl., Vol. 2014, Article
ID 2014:181, pp. 1-12.

J. -L. Lions, F. Magenes (1972), Non-homogeneous Boundary Value Prob-
lems and Applications, Vol. 1. Springer, New York.

J. -L. Lions, F. Magenes (1972), Non-homogeneous Boundary Value Prob-
lems and Applications, Vol. 2, Springer, New York.

V. G. Maz’ya, B. A. Plamenevskii (1977), "On the coefficients in the

asymptotic of solutions of the elliptic boundary problem in domains with



[52]

[53]

[60]

94

conical points", Amer. Math. Soc. Trans., 123 (2), pp. 57-88. Translated
from: Math. Nachr. , 76, pp. 29-60.

E. I. Moiseev, G. O. Vafodorova (2002), "Problem without initial condi-
tions for some differential equations", Differ. Fqua., Vol. 38(8), pp. 1162-
1165.

O. A. Oleinik, G. A. Iosifjan (2002), "Analog of Saint- Venant’ princi-
ple and uniqueness of solutions of the boundary problems in unbounded
domain for parabolic equations", Usp. Mat. Nauk., Vol. 31(8), pp. 1162-
1165.

A. A. Pankov (1985), "Bounded and almost periodic solutions of nonlinear

differential operator equations", Kyjiv, Nauk. Dumka, pp. 184.

S. A. Nazarov, B. A. Plamenevskii, FElliptic Problems in Domains with

Piecewise-Smooth Boundary, Nauka, Moskva, 1990, (In Russian).

P. Ya. Pukach (1994), "On a problem without initial conditions for a
nonlinear degenerate parabolic systems", Ukrainian Math. J., Vol. 46(4),

pp. 484-487.

M. Renardy, R. C. Rogers (2004), An Introduction to Partial Differential

Equations, Springer.

D. Safarov (1990), "On problems without initial conditions for nonclassical

systems", Differentsial’nye Uravneniya i Primenen., No. 45, pp. 484-487.

I. I. Shmulev (1969), "Periodic and almost periodic solutions of problems
with oblique derivative for parabolic equations", Diff. Urav. , Vol. 5(12),
pp. 2225-2236, (in Russian).

A. N. Tikhonov (1935), "Uniqueness theorems for the heat equation",
Mat. Sb., Vol. 42(2), pp. 199-216, (in Russian).



95

[61] G. O. Vafodorova (2000), "Problems without initial conditions for degen-
erate parabolic equation", Differ. Equ., Vol. 36(12), pp. 1876-1878.

[62] G. O. Vafodorova(2003), "Problems without initial conditions for a non-
classical equation", Differ. Equ., Vol. 39(2), pp. 304-306.



